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Abstract 

o : 

Let (G=£P, Dq) be a Dirac groupoid. We show that there are natural Lie algebroid structures on 
the units 2l(Dc) and on the core /'(Dg) of the multiplicative Dirac structure. In the Poisson case, 
D . the Lie algebroid A*G is isomorphic to 21(Dg) and in the case of a closed 2-form, the PM-2-form [3] 
is equivalent to the core algebroid that we find. We construct a vector bundle Q3(Dg) — > P associated 
, to any (almost) Dirac structure. In the Dirac case, 03 (Dg) has the structure of a Courant algebroid 
£NJ ' that generalizes the Courant algebroid defined by the Lie bialgebroid of a Poisson groupoid [T7] . This 
Courant algebroid structure is induced in a natural way by the ambient Courant algebroid TG ®T*G. 
r k ' The theorems in [7] , [18] and [10] about one-one correspondence between the homogeneous spaces of a 

Poisson Lie group (respectively Poisson groupoid, Dirac Lie group) and suitable Lagrangian subspaces 
(— j ' of the Lie bialgebra or Lie bialgebroid are generalized to a classification of the Dirac homogeneous 
spaces of a Dirac groupoid. D^-homogeneous Dirac structures on G/H are related to suitable Dirac 
structures in S(Dq). In the case of almost Dirac structures, we find Lagrangian subspaces of Q3(£>g), 
that are invariant under an induced action of the bisections of H on Q3(Dg). 
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1 Introduction 



A Poisson groupoid is a Lie groupoid endowed with a Poisson structure that is compatible with the 
partial multiplication. Poisson Lie groups were introduced in |3Uj . as a common generalization of the 
symplectic groupoids and the Poisson Lie groups [6], and studied in [31], [23] among others. 

A Poisson structure on a homogeneous space of a Poisson groupoid is homogeneous if the action of the 
Lie groupoid on the homogeneous space is compatible with the Poisson structures on the Lie groupoid and 
on the homogeneous space. Poisson homogeneous spaces of a Poisson groupoid are in correspondence 
with suitable Dirac structures in the direct sum of the Lie algebroid with its dual [18]. Hence, the 
homogeneous spaces are encoded in terms of the infinitesimal data of the Poisson groupoid. We show 
that this correspondence result fits into a more general and natural context: the one of Dirac groupoids, 
which are objects generalizing Poisson groupoids and multiplicative closed 2- forms on groupoids [3]. This 
result gives some insight on the problem of finding the infinitesimal data of Dirac groupoids, something 
that is not fully understood yet. 

Let G^P be a Lie groupoid endowed with a Poisson bivector field ttq £ T ^A 2 TG^j . The bivector 

field ttg is multiplicative if the vector bundle map tt g : T*G — > TG is a Lie groupoid morphism over 
some map A*G TP [23], where A*G is the dual of the Lie algebroid AG of G^P and TG^TP 
and T*G^A*G are endowed with the tangent and cotangent Lie groupoid structures (see [4], |28j, |22j). 
Equivalently, the graph of tt g , Graph(7rjl) C TG © T*G, is a subgroupoid of the Pontryagin groupoid 
{TG © T*G)^(TP © A*G). The pair (G^P, vr G ) is then a Poisson groupoid. 

A Poisson groupoid (G^P, ttq) induces a Lie algebroid structure on the dual A*G of AG and a Courant 
algebroid structure on the direct sum AG@A*G. This was shown by [23] and [IT], the pair (AG,A*G) is 
the Lie bialgebroid associated to (G^P,itg). If G P is a target-simply connected Lie groupoid, and if 
(AG, A*G) is a Lie bialgebroid, then there exists a unique multiplicative Poisson structure ttq on G such 
that (G^P,ttg) is a Poisson groupoid with Lie bialgebroid (AG, A*G) [24] . This generalizes a theorem 
in [5] about one-one correspondence between Lie bialgebra structures on (fl,0*) over the Lie algebra g 
of a connected and simply connected Lie group G, and multiplicative Poisson structures on G (see for 
instance [19]). 

In the same spirit, a closed 2-form log on a Lie groupoid G^P is multiplicative if m*wc = prj log + 
pr 2 log, where m : G xpG — > G is the multiplication map of the groupoid and pr l5 pr 2 : G xpG — > G are 
the projections. Equivalently, the map lo g : TG —¥ T*G associated to log is a Lie groupoid morphism 
over a map A : TP — > A*G. It has been shown in [3] and pQ that multiplicative closed 2-forms on a Lie 
groupoid G^P are in one-one correspondence with IM-2-forms; special maps a : AG — > T*P satisfying 
some algebraic and differential conditions. The correspondence is given by a = —A*. 

Dirac structures generalize simultaneously Poisson brackets and closed 2-forms in the sense that the 
graphs of the vector bundle homomorphisms 7r" : T*M — > TM and oo° : TM — >• T*M associated to a 
Poisson bivector n on M and a closed 2-form to € Q 2 (M) define Dirac structures on the manifold M. 
Hence, it is natural to ask how to recover the two results above on classification of multiplicative Poisson 
bivectors and closed 2-forms on a Lie groupoid in terms of data on its algebroid, which are by nature 
very different, as special cases of a more general result about the infinitesimal data of Dirac groupoids. 
These objects have been defined in [27]; a Dirac groupoid is a groupoid endowed with a Dirac structure 
that is a subgroupoid of the Pontryagin groupoid (TG © T*G) =1 (TP © A*G). 

It has been shown in [27] that multiplicative Dirac structures on a Lie groupoid G^P are in one- 
one correspondence with Dirac structures on the Lie algebroid AG — > P, which are at the same time 
subalgebroids of the natural Lie algebroid T(AG) © T*(AG) — > TP © A*G defined by the Lie algebroid 
structure on AG. 

Yet, this result does not generalize the results given above in the Poisson and closed 2-form cases, but 
relates, modulo canonical identifications, the multiplicative Poisson bivectors and closed 2-forms to the 
associated Lie algebroid maps A(tt g ) : A(TG) ->■ A(T*G) and A(J G ) : A(T*G) ->■ A(TG). In [24] and [I], 
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the construction of these maps from the infinitesimal data is an intermediate step in the reconstruction 
of ttq and ujq from the Lie bialgebroid (AG,A*G) and, respectively, the IM-2-form a : AG — > T*P. 

We show in this paper that, given a Dirac groupoid (G^P,Dg), there is an induced Lie algebroid 
structure on the units 2l(Dc) = Dq H (TP © A*G) of the multiplicative Dirac structure (Theorem 13. 24p . 
This was predicted by [27] and, since 2l(Dc) is the graph of the anchor map of A*G in the Poisson case, 
generalizes the fact that a multiplicative Poisson structure on G^P defines a Lie algebroid structure on 
A*G. Since Dq has then the structure of an LA-groupoid, we recover the natural Lie algebroid structure 
on the core I 1 (Da) = Dg H (AG ®T*P) of the multiplicative Dirac structure (Proposition 13,25]) . see [21]. 
In the case of a closed 2-form, this Lie algebroid is just the graph of the IM-2-form, hence completely 
equivalent to it. We show then that the Courant algebroid structure on TG @T*G defines naturally a 
Courant algebroid 5B(Dg) over P, on a vector bundle that is isomorphic to 21(Dg) © %L(Dg)* (Theorem 
I3.35p . In the Poisson case, we recover exactly the Courant algebroid AG © A*G — > P defined by the Lie 
bialgebroid (AG, A*G). This new approach shows hence how to see the Courant algebroid AG © A*G 
defined by the Lie bialgebroid (AG, A*G) of a Poisson groupoid as a suitable restriction of the ambient 
Courant algebroid structure on TG © T*G. 

We show also that the integrability properties of the Dirac structure are completely encoded in the 
pair of algebroids (2l(D G ), I t (D G )) (Theorem [332]) . 

In the second part of this paper, we focus on Dirac homogeneous spaces of Dirac groupoids. A Poisson 
homogeneous space (X, irx) of a Poisson groupoid (G^P, itq) is a homogeneous space X of G^P endowed 
with a Poisson structure irx that is compatible with the action of G^P on J : X — > P (see [18] for more 
details). 

It has been shown in [7] that the Poisson homogeneous spaces of a Poisson Lie group are classified by 
a special class of Lagrangian subalgebras of the double Lie algebra q x g* defined by the Lie bialgebra 
(fl>0*) °f the Poisson Lie group. This result has been generalized to Dirac homogeneous spaces of Dirac 
Lie groups in [10J, and to Poisson homogeneous spaces of Poisson groupoids in [T7]. Poisson homogeneous 
spaces of a Poisson groupoid are in one-one correspondence with a special class of Dirac structures in the 
Courant algebroid AG © A*G. 

Here, we prove a classification theorem for Dirac homogeneous spaces of Dirac groupoids, that gen- 
eralizes the theorems in [JJ, [T7] and [TO]. Dirac homogeneous spaces of a Dirac groupoid are related 
to Dirac structures in *B(Dg) (Theorem 14. 1T|) . In the case of almost Dirac structures, we classify the 
homogeneous spaces in terms of an action of the bisections of G^P on the vector bundle QS(Dg). This 
action is found in Theorem 13. 41^ and is already interesting independently since it generalizes the adjoint 
actions of a Poisson Lie group on its Lie bialgebra ([I]). 

The geometry is more involved in the Lie groupoid setting than in the Lie group case, where the Lie 
bialgebra of the Dirac Lie group can be defined using the theory that is already known about Poisson 
Lie groups: multiplicative Dirac structures on a Lie group are only a slight generalization of the graphs 
of multiplicative bivector fields [261110] . Here, we need first to construct in the first part of the paper the 
object QS(Dg) that will play the role of the Lie bialgebroid in this more general setting. Since we find 
the right object for the classification of the homogeneous spaces, our classification theorem suggests that 
a lot of information about the Dirac groupoid is contained in the data (AG, %1(Dq), P(Dg),%$(Dg)). 

The natural question that arises is then in what sense these infinitesimal objects determine infinites- 
imal invariants of a multiplicative Dirac structure, and how to reconstruct the Dirac structure and its 
counterpart on AG as in [27J from these Lie algebroids. The case of multiplicative foliations on Lie 
groupoids, i.e., multiplicative Dirac structures Dq = Fq © F G , with Fq Q TG an involutive, multiplica- 
tive subbundle of TG, has been solved in [12]. We show there that the two Lie algebroids and a partial 
connection related to the Courant algebroid encode completely the multiplicative foliation. 

The general case is the subject of a work in progress with C. Ortiz and T. Drummond [8j. In the 
special case of Poisson groupoids, we will recover the result of [24] . In the case of multiplicative closed 
2-forms, we will recover [3], see also p], and in the setting of a multiplicative foliation, we will find [12] as 
a corollary. Hence, this paper is the first part of a series of articles showing how to understand all these 
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descriptions of the infinitesimal data of multiplicative structures, which are by nature very different, in 
a common framework. 

Outline of the paper Backgrounds about Lie groupoids and their Lie algebroids are recalled in £12.11 
and generalities about Dirac manifolds are recalled in £12.21 

The definition of a Dirac groupoid is given in £ 13. II together with examples. In £13.21 we give (under cer- 
tain hypotheses) a generalization to this setting of a theorem in [30] about the induced Poisson structure 
on the units of a Poisson groupoid. We also explain shortly how the situation is more complicated in the 
general case than in the group case. 

In £13.31 we study the set 21(Dg) of units of the Dirac structure, seen as a subgroupoid of (TG © 
T*G) =fc (TP © A*G). We show that there is a Lie algebroid structure on this vector bundle over P. 
The Lie algebroid structure on P(Dg) is then a consequence and we show in £13.41 that the integrability 
properties of the Dirac structure are completely encoded in these two algebroids. Then, in £13.51 we define 
a vector bundle over P that is associated to the Dirac structure Dq- We prove the existence of a natural 
Courant algebroid structure on this vector bundle. We compute this Courant bracket in three standard 
examples. In the case of a Poisson groupoid, we recover the Courant algebroid structure on AG © A*G, 
and in the case of a Lie groupoid endowed with a closed multiplicative 2-form, we find simply the standard 
Courant bracket on TP © T*P. In £13.6[ we prove that there is an induced action of the bisections of 
G^P on the vector bundle defined in £13.51 In Section [31 each one of the main results is illustrated by 
the three special examples of Poisson groupoids, multiplicative closed 2-forms and pair Dirac groupoids. 

Dirac homogeneous spaces of Dirac groupoids are defined in Section HJ For this, we use the fact that if 
X — > P is a homogeneous space of a Lie groupoid G^P, the action (f) : G xpX ^> X of G^P on J : X — > 
P induces an action of (TG © T*G)^(TP © A*G) on some momentum map (TX®T*X) -» (TP®A*G) 
(this is proved in [9]). The pair (X, Dx) is then defined to be (G^P, Dc)-homogeneous if this action 
restricts to an action of 2l(Dg) on Dx- Our main theorem (Theorem l4.17p about the correspondence 
between (almost) Dirac homogeneous spaces of an (almost) Dirac groupoid and Lagrangian subspaces 
(subalgebroids) of the Courant algebroid (vector bundle) 03 (Dg) is then proved. 

Notations and conventions Let M be a smooth manifold. We will denote by X(M) and Q}(M) the 
spaces of (local) smooth sections of the tangent and the cotangent bundle, respectively. For an arbitrary 
vector bundle E — > M, the space of (local) sections of E will be written T(E). We will write Dom(<r) for 
the open subset of the smooth manifold M where the local section a E T(E) is defined. 

The Pontryagin bundle of M is the direct sum TM © T*M — > M. The zero section in TM will be 
considered as a trivial vector bundle over M and written Omj and the zero section in T*M will be written 
0* M . The pullback or restriction of a vector bundle E — >• M to an embedded submanifold N of M will 
be written E|jy. In the special case of the tangent and cotangent spaces of M, we will write T^M and 
T^M. The annihilator in T*M of a smooth subbundle F C TM will be written F° C T*M. 

Acknowledgements The author would like to thank Cristian Ortiz for many helpful comments and 
suggestions that have improved the paper. Many thanks go also to Tudor Ratiu for his good advice. 

2 Review of necessary backgrounds 

2.1 Generalities on Lie groupoids and Lie algebroids 

The general theory of Lie groupoids and their Lie algebroids can be found in [22 , [25J. We fix here first 
of all some notations and conventions. 

A groupoid G with base P will be written G^P. The set P will be considered most of the time as a 
subset of G, that is, the unity l p will be identified with p for all p G P. A Lie groupoid is a groupoid G on 
base P together with the structures of smooth Hausdorff manifolds on G and P such that the source and 
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target maps s, t : G — > P are surjective submersions, and such that the object inclusion map e : P *-)■ G, 
p i — y \p and the partial multiplication m:GxpG:= {(<?, h) G G x G s(g) = t(/i)} — » G are all smooth. 

Since t and s are smooth surjective submersions, the kernels ker(Tt) and ker(Ts) are smooth subbundles 
of TG. These two vector bundles over G are written T S G := ker(Ts) and T l G := ker(Tt). 

Let g G G, then the right translation by g is 

R g : s-Htfa)) s-^sCs)), /i h> P 9 (/i) = fc*0. 

The /e/t translation by L 5 : t —1 (s(<?)) — > t^ 1 (t(g)) is defined in an analogous manner. 

Let G^P be a Lie groupoid. A rig/i£ translation on G is a pair of diffeomorphisms $ : G — > G, 
: P — >■ P such that so$ = (/ios, to$ = t and, for all p £ P, the map <&| s -i( p ) : s _1 (p) — )• s -1 (0(p)) is 
P 9 for some g £ G. A bisection of G^P is a smooth map A : P — > G which is right-inverse to t : G — » P 
and is such that s o K diffeomorphism. The set of bisections of G is denoted by 23(G). If K : P — > G is 
a bisection of G^P, then the rig/ii translations by K is a right translation: 

R K :G^G, g^> R K{s(g)) (g) = g-kK(s(g)). 

We will also use the /e/£ translation by K, 

L K :G->G, g ^ L K (( soK yi( t ( g )^(g). 

The set 23(G) of bisections of G has the structure of a group. For K,L G 53(G), the product L* K is 
given by 

L*K:P^G, (L*K)(p) = L(p)*K((soL)(p)) Vp G P. 

The composition t o (L ★ K) is equal to Idp and the composition s o (L * K) is equal to (s o if) o (s o L), 
which is a diffeomorphism of P. The identity element in 53(G) is the identity section e : P G. The 
inverse if -1 : P — > G of if G 23(G) is given by 

K- 1 (p) = (K ((so Ky^p)))- 1 

for all p G P. Finally, we have Rl±k = Rk ° Rl for all A, L G 23(G). Since P e = Idc we have then also 
the equality P#-i = P^ 1 for all K G 23(G). 

We will also consider /ocaZ bisections of G in the following, without saying it always explicitly. A local 
bisection of G^P is a map K : U — > G defined on an open set P C P such that t o if = Idu and s o K 
is a diffeomorphism on its image. We will write 23 u(G) for the set of local bisections of G^P with the 
domain of definition [/CP. The local right translation induced by the local bisection K : U — > G is the 
map P^ : s" 1 ^) -> s" 1 ^ o A)(P)), 5 ^ g*K(s(g)). 

The Lie algebroid of a Lie groupoid In this paper, the Lie algebroid of the Lie groupoid G^P is 
AG := TpM, equipped with the anchor map Ts\ag an d the Lie bracket defined by the left invariant 
vector fields. We write (AG, a, [• , -]ag) for the Lie algebroid of the Lie groupoid G. 

Note that the vector field X 1 , for A G T (AG), satisfies X 1 ~ s a (A) G X(P) since we have T g sX l (g) = 
T g s(T s(g) L g X(s(g))) = T s{g) sX (s(g)) for all g G G. 

We recall here the definition of the exponential map for a Lie groupoid, see [22] (note that the Lie 
algebroid is defined there with the right-invariant vector fields, and the bisections of G^P are defined 
to be inverse to the source map). 

Let G=^P be a Lie groupoid and choose X G T(AG). Let {<f>? : U ->• U t } be a local flow for X 1 G X(G). 
Since T g tX l (g) = for all g G G, we have (t o (j>f)(g) = t(g) for all t G M and 5 G G where this makes 
sense. For each i G M where this is defined and p G P, the map 0^ restricts to <pf : t _1 (p) — > t^ 1 (p). 
Choose h G G such that s(/i) = p. We have then L^ : t _1 (p) — > t _1 (t(/i)) and L^oc^f = §f oL^ since the 
vector field A' satisfies X l (h-kg) = T g L h X l (g) for all 5 G t _1 (p). Recall that A := a(A) G T(P) is defined 
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on s(U) := V C P and is such that X 1 ~ s X. Let be the flow of X. Then we have {<$ : V ->■ V*}, 
where 14 = s(Ut), and 0^ o s = s o <f>^ for all t where this makes sense. 

Each <pf is the restriction to U of a unique local right translation i?Exp(tx) with Exp(tX) G Sy(G). 
The local bisection Exp(iX) is defined by Exp(tX)(p) = g -1 * (/>*(g) for any g £ U P\ s~ 1 (p). We have 
then t o Exp(iX) = Idy and s o Exp(iX) = c/>^ is a local diffeomorphism on its image Vt- For any g £ U, 
we have 

0f ( 5 ) = 5 *Exp(tX)(s( 5 )) = R EMtX) (g) 

and the flow of X 1 is hence the right translation by Exp(-X). This is summarized in Proposition 3.6.1 of 
[22]: 

Proposition 2.1 JJJJ^ Let G^P be a Lie groupoid, choose X G and set W = Dom(X). For all 

p £W there exists an open neighborhood U of p in W , a flow neighborhood for X , an e > and a unique 
smooth family of local bisections Exp(tX) G "Bjj(G), \t\ < e, such that: 

i- i\ t =o E Mtx) = x, 

2. Exp (OX) = \&u, 

3. Exp((t + s)X) = Exp(tX) *Exp(sX), if \t\,\s\,\s + t\ < e, 

4. Exp(-iX) = (ExpitX))- 1 , 

5. {s o Exp(tX) : U — > Ut} is a local 1-parameter group of transformations for a(X) G X(P). 

Let G^-P be a Lie groupoid and let C p be the connectedness component of p in t _1 (p). Then the 
union 

C(G) := |J C p 
peP 

is a wide Lie subgroupoid of G^P (see |22j). the identity- component subgroupoid of G^P. The set of 
values Exp(tX)(p), for all X G T(AG), p G P and t G R where this makes sense, is the identity-component 
subgroupoid C(G) of G^P (see [23], [22]). Hence, if G=^P is t-connected, that is, if all the t-fibers of G 
are connected, then G = C(G) is the set of values of Exp(tX)(p), X G T(AG), p£P and t € R where 
defined. 

Note that we can show in the same manner that the flow of a right invariant vector field Y r is the left 
translation by a family of bisections {Lt} of G satisfying soL ( = Id on their domains of definition and 
such that to Lt are diffeomorphisms on their images. Hence, the flow of Y r commutes with the flow of 
X 1 for any left invariant vector field X 1 and we get the fact that [y r ,X'] = for all Y G F(TpG) and 
X G T(AG). 

The tangent prolongation of a Lie groupoid Let G^P be a Lie groupoid. Applying the tangent 
functor to each of the maps defining G yields a Lie groupoid structure on TG with base TP, source Ts, 
target Tt (these maps will be written s and t in the following) and multiplication Tm : T(G xpG) -> TG. 
The identity at v p G T p P is l v = T p ev p . This defines the tangent prolongation of G^P or the tangent 
groupoid associated to G^P. 

The cotangent Lie groupoid defined by a Lie groupoid If G^P is a Lie groupoid, then there is an 
induced Lie groupoid structure on T*G^A*G = (TP) . The source map s : T*G — > A*G is given by 

s(a g ) G A* s{g) G for a g G T*G, s(a g )(u s{g) ) = a g (T s{g) L g u 5 ( g) ) 

for all u s r g \ G A S ^G, and the target map t : T*G — > A*G is given by 

i(a g ) G A* {g) G, t(a 9 )(n t(9) ) = a g {T t{g) R g {u t{g) - T t{g) su t{g) )) 
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for all u t r g -\ G A t r g \G. If s(a g ) = t(a^), then the product a g * ah is defined by 



(a g * a h )(v g -k v h ) = a g (v g ) + a h {v h ) 



for all composable pairs (v g , Vh) G T( g m(G xp G). 

This Lie groupoid structure was introduced in [fj and is explained in [3], [28] and [22] . 

The Pontryagin groupoid defined by a Lie groupoid If G^P is a Lie groupoid, there is hence an 
induced Lie groupoid structure on Pq = TG T*G over TP A*G. We will write Tt for the target map 
Pg —> TP A*G, and in the same manner Ts : Pq —> TP A*G for the source map. 

Lie groupoid actions Let G^P be a Lie groupoid and M a set with a map J : M — > P. Consider the 
set G x P M = {(g, m) G G x M | s(p) = J(m)}. 

A groupoid action of G^P on J : M — > P is a map : G x p M — >■ M, $(5, m) = g ■ m = gm such 
that 

• J(<7 • m) = t(g) for all (g,m) E G Xp M, 

• g • (h ■ m) = (g -kh) ■ m for all (/t, m) S G xp M, and g EG such that s(g) = t(/i), 

• lj(m) ■ rn = m for all m G M. 
Example 2.2 Let G^P be a groupoid. 

1. G^P acts on t : G — )• P via the multiplication. 



Homogeneous spaces Let G^P be a Lie groupoid and H^P a wide subgroupoid of G. Define the 
equivalence relation 



on G and G/i? := G/ ~p= {gF | g G G}, where gif = {g * h \ s(g) = t(h) and h G ff}. Since 
t(g -k h) = t(g) for all g ★ /i G 5//, the map t factors to a map J : G/i? — > P, J(gH) = t(g) for 
all 5P G G/H. The multiplication m : G x p G — > G factors to a groupoid action $ of G^P on 



J:G/H^ P, = (<?*</)# for all (ff^'P) G G x P (G/H) = {(g,g'H) \ s(g) = J(g'H) = t(g')}. 



Definition 2.3 A G-space X over P is homogeneous if there is a section a of the moment map J : X — > 
P which is saturating for the action in the sense that G*c(P) = X. The isotropy subgroupoid of the 
section a consists of those g G G for which g-ka(P) Q cr(P). 

It is shown in |18j that a G-space is homogeneous if and only if it is isomorphic to G/H for some wide 
subgroupoid H C G. 

Example 2.4 Let G^P be a groupoid. The two extreme examples of homogeneous spaces of G are the 
following. 

1. In the case where the wide subgroupoid is P, the equivalence classes are gP = {g*p\pEP,p = 
s(g)} = {g} and the quotient is just G/P = G with the first action of Example 12.21 

2. If the wide subgroupoid is G itself, then the equivalence classes are gG = {g -k h \ h G G,t(h) = 
s(g)} = t _1 (t(g)) and the quotient is G/G = P, with projection equal to the target map t : G — > 
G/G ~ P and with the second action in Example 12.21 



2. G=tP acts on Idp : P -)• P via $ : G x P P -> P, i-> t(g*p) = t(g). 
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Assume that H is a t- connected wide Lie subgroupoid of G and that G/H is a smooth manifold such 
that the projection q : G — > G/H is a smooth surjective submersion. 

Consider the vector bundle AH = TpH C TpH C TpG over P and the subbundle JC C TG defined as 
the left invariant image of AH, i.e., "K(g) = T s i g \L g A s i g \H for all g G G. We show that 5£ = kerTg and 
G/H is the leaf space of the foliation on G defined by the involutive subbundle "K C TG. 

The vector bundle VL is spanned by the left invariant vector fields X 1 , for IgT (AH) C r(AG). Since 
if is an immersed submanifold of G, AH is a subalgebra of AG, and r(?{) is hence closed under the Lie 
bracket. 

It is easy to check that "K = ker(Tq). Hence, if g and g' are in the same leaf of "K, we have g'H = gH. 
Conversely, if g'H = gH, it is easy to show, using the fact that H is t-connected, and hence H = C(H) = 
{Exp(tA) T(AH)} that g and g' are in the same leaf of "K. 

Consider the set S (H) of (local) bisections K : U C P — > H of H such that to K = Idu and s o K is a 
diffeomorphism. We have g.£f = {Rx(g) \ K G and Cr/i? is the quotient of G by the right action 

of "B(H) on G. A function / G C°°(G) pushes forward to the quotient G/H if and only if it is invariant 
under Rk for all bisections K G "B(H). 

Lie bialgebroids, associated Courant algebroids, the special case of the Pontryagin bundle Let M 

be a smooth manifold and (A — > M, a, [• , •]) a Lie algebroid on M. Assume that the dual A* — >■ M of ^4 
is endowed with a Lie algebroid structure (A* — > M, a*, [• , •]*) such that 

d[- , ■]* = [d- , ■]* + [• , d-]* or equivalently d*[- , •] = [d*- ,•] + [• ,d*-] 

hold for the induced maps d : r(A*-4*) -»• T (f\* A*) and d* : T (f\' A) -»■ T (f\' A) and the brackets 
[• , •] (respectively [■ , •]*) induced on T (/\* A) (respectively T (/\* A*)), see for instance [15] . We refer to 
|23] for a quick review of the definitions of these objects since they will not be needed explicitly here. 

We just recall that if (A -)■ M, a, [■ , •]) is a Lie algebroid, then the map d : T (A* -4*) -> T (^A* +1 -4*) is 

defined on C°°(M) = T (A°^*) by (d/)(X) = a(X)(f) for all / G C°°(M) and A G r(^). 

For instance, if (G^P, no) is a Poisson groupoid, the dual A*G of the Lie algebroid AG — > P of G^P 
inherits the structure of a Lie algebroid such that (AG, A*G) is a Lie bialgebroid (see [23], [22]). 

The direct sum vector bundle A © A* — > P endowed with the map p = a (B a*, the symmetric non 
degenerate bilinear form (• , •) given by ((x p , a p ), (y p , (3 p )) = a p (y p ) + (3 p (x p ) for all (x p , a p ), (y p , (3 P ) G 
(A © A*)(p) and the bracket on its sections given by 

[(X,a),(Y,P)\ 

= {[X, Y] + £ a Y - £pX - ^d*(a(Y) - /3(A)), [a, (3], + £ X P - £ Y a + \d(a(Y) - (3(X))^j 

for all (A, a), (Y,j3) G T(A © A*), is then a Courant algebroid in the sense of the definition below, see 

A Courant algebroid over a manifold M is a vector bundle E — > M equipped with a fiberwise non 
degenerate symmetric bilinear form (•,•), a skew-symmetric bracket [• , •] on the smooth sections T(E), 
and a vector bundle map p : E — > TM called the anchor, which satisfy the following conditions for all 
ei, e 2 , e 3 G T(E) and / G C°°(M): 

1. [[ei,e 2 ],e 3 ]] + [[e 2 ,e 3 ],ei] + [[e 3 ,ei],e 2 ] = |D(([ei, e 2 ], e 3 ) + ([e 2 ,e 3 ],ei) + ([e 3 , ei], e 2 )), 

2. p([ei,e 2 ]) = [p(ei),p(e 2 )], 

3. [ei,/e 2 ] = /[ei,e 2 ] + (p(ei)/)e 2 - (ei,e 2 )D/, 

4. p o © = 0, i.e., for any f,g€ C°°(M), (Df, %) = 0, 

5. p(ei)(e 2 ,e 3 ) = ([ei,e 2 ] + D(e 1 ,e 2 ),e 3 ) + (e 2 , [ei,e 3 ] + D(ei,e 3 )), 
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where D : C°°(M) — > T(E) is defined by 



(Vf,e) = l -p(e)(f) 



for all / G C°°(M) and e G T(E), that is, D = i/T 1 o p* o d : C°°(M) -> T(E). Here, /3 : E -)■ E* is the 
isomorphism defined by the non degenerate bilinear form (•,•). 

Example 2.5 Consider a smooth manifold M, the Lie algebroid (TM, [•,•], a = Id™) and its dual, the 
cotangent space T*M endowed with the trivial bracket [•,•]* =0 and the trivial anchor map a* = 0. The 
map d induced by TM on the sections of /\* T*M is here simply the usual de Rham derivative. The map 
d* induced by (T*M, 0, 0) on the sections of /\* TM is trivial. The equation d[- , •]* = [d- , •]* + [• , d-]* is 
obviously satisfied and the pair {TM, T*M) is a Lie bialgebroid. 

The direct sum Pm = TM © T*M endowed with the projection on TM as anchor map, p = pr TM , the 
symmetric bracket (• , •) given by 

((v m , Q m ), (W m ,f3 m )} = a m (Wm) + Pm{v m ) (1) 

for all m G M, v m , w m G T m M and a m , [3 m € T^M and the Courant bracket given by 

[(X, a), (Y, (3)} = (V, Y], £ x f3 - £ Y a + \&{a{Y) - (3(X))^j (2) 

[X, Y], £ x (3 - i Y da - \&{{X, a), (Y, /?)) 

for all (X,a), (Y, (3) G r(P M ), is then a Courant algebroid. The map T> : C°°(M) T(P M ) is given by 
D/ = i(0,d/). 



2.2 Generalities on Dirac structures 

As we have seen in Example 12 .5^ the Pontryagin bundle Pm '■= TM © T*M of a smooth manifold M is 
endowed with the non-degenerate symmetric fiberwise bilinear form of signature (dim M, dim M) given 
by dU). An almost Dirac structure (see [5]) on M is a Lagrangian vector subbundle D C Pm- That is, D 
coincides with its orthogonal relative to (HJ and so its fibers are necessarily dim M-dimensional. 

Let (M, D) be a Dirac manifold. For each m £ M, the Dirac structure D defines two subspaces 
G (m), Gi(m) C T m M by 

G (m) := {v m G T m M | (v m ,0) G D(m)} 

and 

Gi(m) := {v m G T m M | 3 a m G T^M : (v m ,a m ) G D(m)} , 

and two subspaces Po(m),Pi(m) C T* n M defined in an analogous manner. The distributions Go = 
U m eA/Go(m) and Po = U mg AfPo( m -) are not necessarily smooth. The distributions Gi = U mg MGi(m) 
(respectively Pi = U mg A/Pi(m)) are smooth since they are the projections on TM (respectively T*M) 
of D. 

The almost Dirac structure D is a Dirac structure if 



[T(D),r(D)]cr(D). (3) 

Since ((X, a), (Y, /?)) = if (X, a),(Y, (3) G T(D), this integrability property of the Dirac structure is 
expressed relative to a non-skew-symmetric bracket that differs from ([2]) by eliminating in the second 
line the third term of the second component. This truncated expression is called the Courant- Dorf man 
bracket in the literature: 

[(X,a),(Y,f3)] = ([X,Y},£ x l3-i Y da) (4) 
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for all (X, a), (Y, f3) G T(D). The restriction of the Courant bracket to the sections of a Dirac bundle is 
skew-symmetric and satisfies the Jacobi identity. It satisfies also the Leibniz rule: 

[(X, a), f(Y, (3)] = f[(X, a), (Y, (3)] + X(f ) ■ (Y, 0) (5) 

for all (A, a), (Y,/3) G T(D) and / G C°°(M). 

Note that in the following, we work in the general setting of almost Dirac structures. To 
simplify the notation, we will simply call almost Dirac structures "Dirac structures" and 
always state it explicitely if the integrability condition Q is assumed to be satisfied. We 
will say in this case that the Dirac structure is closed or integrable^ 

The class of Dirac structures given in the next example will be very important in the following. 

Example 2.6 Let M be a smooth manifold endowed with a globally defined bivector field ir G V ^/\ 2 TM^j 
Then the subdistribution D„- C P M defined by 

D n (m) = |(vr tt (a m ),a m ) | a m G T^m\ for all m G M, 

where vr* : T*M -)• TM is defined by vr^a) = vr(a, •) G X(M) for all a G O^M), is a Dirac structure 
on M. It is closed if and only if the bivector field satisfies [ir, tt] = 0, that is, if and only if (M, tt) is a 
Poisson manifold. 



Dirac maps and Dirac reduction Let (M, Dm) and (N, Djy) be two Dirac manifolds and F : M — » N 
a smooth map. Then F is a forward Dirac map if for all n G N, m G -F _1 (n) and (u n ,a n ) G Dtv(^) 
there exists (u m , a m ) G Dj^(ro) such that T m Fv m = v n and a m = (T m F)*a n . The map i 7 is a backivard 
Dirac map if for all m G M, n = F(m) and (f m ,a m ) G Djf(m) there exists (v n ,a n ) G Dj\r(n) such that 
T m Fv m = v n and a m = (T m F)*a n . 

Assume that G^P is a Lie groupoid, and that G is endowed with a Dirac structure. Let H be a t- 
connected, wide Lie subgroupoid of G such that has a smooth manifold structure and q : G ^ G/H 
is a smooth surjective submersion. Since G/H is the leaf space of "K, where "K is the left invariant image 
of AH (see the previous section), we can apply the results in [32] (see also [32]) for Dirac reduction. 
Assume that the Dirac structure D on G is such that D n (TG © < K°) has constant rank on G and 

[r(D), V(0i © {0})] C r(D + (5£ © {0})), (6) 

then D induces a Dirac structure <?(D) on the quotient G/H. The Dirac structure (/(D) on G/i? is given 
by 

r(g(D)) = {(X, a) G T(P G/H ) \ 3X G X(G) such that X ~ q X and (A,g*a) G T(D)}. 

In other words, q(D) is the forward Dirac image of D under q : G — > G/H. If the Dirac structure D is 
closed, then q(D) is closed. 

If IK © {0} C D, then D = q*(q(D)), where for any Dirac structure D on G/H, its pullback q*(D) to G 
is the Dirac structure on G defined by 

q*(D)(g) = {(v g ,(T g q)*a gH ) G P G (g) | (T g qv g ,a gH ) G D(gH)} 

for all g G G. (The bundle <?*(D) is the backward Dirac image of D under q.) 
Note that if we can verify that 

(R* K X, R* K a) G r(D) for all (X, a) G T(D) and K G 'B(H), (7) 

then condition © is satisfied. 

1 We prefer the terminology "closed" because integrability of a Dirac structure can also significate that it is integrable as a 
Lie algebroid, i.e., it integrates to a presymplectic groupoid as in [2]. 
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3 The geometry of Dirac groupoids. 



3.1 Definition and examples 

Definition 3.1 (|27J) A Dirac groupoid is a Lie groupoid G nfc P endowed with a Dirac structure Dq 
such that Dq C TG®T*G is a Lie subgroupoid. The Dirac structure Dq is then said to be multiplicative. 

Note that in |27| . Dirac manifolds are always closed by definition. 

Example 3.2 Consider a Poisson groupoid, that is, a Lie groupoid G^P endowed with a Poisson 
structure ttq such that the graph rcGxGxGof the multiplication map is a coisotropic submanifold 
of (G x G x G, ttq © ttg © (— ttg))- Poisson groupoids were introduced in [30] and studied in [30], [31], 
[23j among other, see also |22| . 

It is shown in |23] that (G=$P, ttq) is a Poisson groupoid if and only if the vector bundle map tt g : 
T*G — > TG associated to ttq is a morphism of Lie groupoids over some map a* : A*G — >• TP (the 
restriction of 7Tg, to j4*G). Using this, it is easy to see that (G^P,ttg) is a Poisson groupoid if and only 
if (G^P, D nG ) is a closed Dirac groupoid (recall the definition of D nG from Example I2.6j) . 

Example 3.3 Let G^P be a Lie groupoid. A 2-form log on G is multiplicative if the partial multipli- 
cation map m : G xp G G satisfies m*ua = prj ug + P r 2 W G- The graph D WG = Graph(w^. : TG — > 
T*G) C Pg is then multiplicative, and (G=}P, D W(3 ) is a Dirac groupoid, see [27], [I]. If the 2-form is 
closed, then the Dirac groupoid is closed. 

Conversely, if a Dirac groupoid (G=}P, Dq) is such that Gi = TG, then Dq is the graph of the vector 
bundle homomorphism TG — > T*G induced by a multiplicative 2-form. If the set of smooth sections of 
Dq is closed under the Courant bracket, then the 2-form is closed. 

Note that presymplectic groupoids have been studied in [3J, [2J. These are Lie groupoids endowed with 
closed, multiplicative 2-forms satisfying some additional non degeneracy properties that will be recalled 
in Example 13.191 

Example 3.4 Let (G, Dq) be a Dirac Lie group in the sense of [10]. We have seen there that it is a Dirac 
Lie group in the sense of [27], that is, Dq is a subgroupoid of the Pontryagin groupoid TG®TG*^{0}®Q* ■ 
The set of units is here Da{e) H ({0} © g*) = {0} © pi since we know that Dc(e) is equal to a direct sum 
00 © Pi Cg©g*, with go an ideal in q and pi C q* its annihilator. 

Example 3.5 Consider a smooth Dirac manifold (M, Dm) an d the pair Lie groupoid (M x M)^M 
associated to M, that is t,s : MxM — > M, s = pr 2 , t = pi'i and (m, ri)~k(n,p) = (m,p) for all m,n,p £ M. 
The unit l m associated to m £ M is the pair (m, m) and the set of units {l m | m £ M} is equal to Ajvf , 
which is an embedded submanifold of M x M, via the smooth map e : M — > Am, rn \— > (m,m). The 
tangent groupoid T(M x M) =4 TM of M x M^M is easily seen to be (TM x TM) z4 TM, the pair 
groupoid associated to TM. 

The Lie algebroid A(M x M) ofMxM=|Mis the set T^ m (MxM). A vector (v m , w m ) £ T (mim) (M x 
M) lies in T{ mjm) (M x M) if = r (m>m) t(i; m , u; m ) = v m . Hence, we have A(M x M) = (0 M © TM)| Am 
and its dual A*(M x M) ~ (TA M )° C T*(M x M)| Am is given by A* mm) (M x M) = {(-a m ,a m ) \ 
a m £ T^M} for all m £ M. Hence, we can give the structure of the cotangent groupoid T*(M x 
M)^A*(M x M). If (a m ,a n ) £ T ( * mn) (M x M), then it is easy to check that t(a m ,a n ) £ ({0 m } x 
T m MT = A^ m) (MxM), 

t(a m ,a n )(0 m ,v m ) = -a m (v m ) 
for all v m £ T m M, and hence t(a m ,a n ) = (a 

m-i ctm)- In the same manner, we show that s(o; m ,Q? n ) — 
(— a n , ct n ). The product of (a m ,a n ) and (— a n ,a p ) is then given by 

("mi Ctn) * ( C^ru C^p) — ("mi Op). 
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It is easy to check that the Dirac structure Dm © Dm, defined by 

(D M 9Djf)(m,n) = j((v m , -v n ), (a m ,a n )) G ?MxM{m,n) 

for all (m, n) € M x M, is a multiplicative Dirac structure onMxM^ M. This generalizes the fact that 
if (M, 7rjvf) is a Poisson manifold, then MxMz|M endowed with 7Tm © ( — ttm) is a Poisson groupoid. 

We call the Dirac groupoid (M x M 4M, Dm © Dm) the pair Dirac groupoid associated to (M, Dm)- 
It is closed if and only if (M, Dm) is closed. 

Remark 3.6 In the Poisson case, it is known by results in [30] that any multiplicative Poisson structure 
on a pair groupoid is ttm © ( — ttm) f° r some Poisson bivector ttm on M. This is not true in general. For 
instance, let M be a smooth manifold with a smooth free action of a Lie group if with Lie algebra f). Then 
the diagonal action of H on M x M is by Lie groupoid morphisms, and its vertical space V C T(M x M), 
V(m,n) = {(CiW^)) £m(w)) I £ € I)} for all m, n G M, is multiplicative (see for instance [H]). The Dirac 
structure V © V° is then multiplicative, but cannot be written as a pair Dirac structure on M x M. A 

3.2 General properties of Dirac groupoids 

First, we study the characteristic distribution of an arbitrary Dirac groupoid. The results here illustrate 
how the situation in the case of Dirac groupoids is different from the case of Dirac Lie groups. 
The proof of the first proposition is straightforward. 

Proposition 3.7 Let (G^P, D G ) be a Dirac groupoid. Then the subbundle Gq C TG is a (set) sub- 
groupoid over TP n Go- 

In the group case, Go is automatically the biinvariant image of an ideal in the Lie algebra [26, 10J, 
hence involutive of constant rank. In general, the distribution Go does not even need to be smooth. Since 
each manifold can be seen as a (trivial) groupoid over itself (i.e., with t = s = Hm), any Dirac manifold 
can be seen as a Dirac groupoid, which will, in general not satisfy these conditions. Thus, trivial Dirac 
groupoids and pair Dirac groupoids yield already many examples of Dirac groupoids that do not have 
these properties. 

If Go associated to a closed Dirac groupoid (G=tP, D G ) is assumed to be a vector bundle on G, then 
we are in the same situation as in the group case. Yet, we know by the considerations in [TT] that, even 
if it is regular, the quotient G/Go does not necessarily inherit a groupoid structure. If it does, we have 
the following result, which is shown in |llj . 

Theorem 3.8 Let (G=}P, D G ) be a closed Dirac groupoid. Assume that Gq is a subbundle of TG and 
that it is complete fT7]/ . If the leaf spaces G/Gq and P/Gq have smooth manifold structures such that the 
projections are submersions, then there is an induced multiplicative Poisson structure on the Lie groupoid 
G/Gq =t P/Gq, such that the projection pr : G — > G/Gq is a forward Dirac map. 

Remark 3.9 In the Lie group case, the Poisson Lie group (G/N,q(Dc)) associated to a closed Dirac 
Lie group (G, D G ) satisfying the necessary regularity assumptions was also a Poisson homogeneous space 
of the Dirac Lie group. Here, the Poisson groupoid associated to the Dirac groupoid is, in general, not a 
Poisson homogeneous space of the Dirac groupoid since the quotient G/Gq is not a homogeneous space 
of the Lie groupoid G^P. A 

For the sake of completeness, we show next how the result in [30J about the induced Poisson structure 
on the units of a Poisson groupoid can be generalized to the situation of Dirac groupoids. For that, we 
need to study the units of the Dirac groupoid. It is natural to ask what the set of units of D G is, when 
seen as a subgroupoid of (TG © T*G)^(TP © A*G). It is easy to see that Dq is a Lie groupoid over 
D G n (TP © A*G). This intersection will be written 2l(D G ) := D G n (TP © A*G). Here, we will show 
that it is a vector bundle over P. 



(%,«m) 6 D M (m) 1 
and (v n ,a n ) G D M (ri) J 
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Definition 3.10 1. Let (G^P, D G ) be a Dirac groupoid and 2l(D G ) the set of units ofD G , the 
subdistribution D G n (TP ffi A*G) of TP ffi A*G. We write a* : 2l(D G ) -> TP for the map defined 
by a±(v p ,a p ) = v p for all p G P, (v p ,a p ) G %(D G ). 

2. We write ker Ts, respectively ker Tt for the kernel T S G © (T t G)° (respectively T^G © (T S G)° ) of the 
source map Ts : P G — > TP © A*G (respectively the target map Tt : P G — > TP © A*G). We denote 
by P(D G ) the restriction to P of D G HkerTs, i.e., 

P(D G ) := D G n (T S P G © (T P G)°) = (D G n ker Ts)| P . 

In the same manner, we write P{D G ) := D G n (T P G © (TpG)°) = (D G n kerTt)| P . 

Theorem 3.11 Let (G=tP, D G ) be a Dirac groupoid. Then the Dirac subspace D G |p splits as a direct 
sum 

D G |p = 2l(D G )ffiP(D G ) 

and in the same manner 

D G | P = 2l(D G )ffi/ s (D G ). 
The three intersections are smooth and have constant rank on P. 

Proof: Choose p G P and (y p , a p ) G D G (p). Then we have Tt(v p , a p ) G D G (p) and hence also (v p , a p ) — 
Tt(v p ,a p ) G D G (p). We find that v p — T p tv p G T^G and T p t(v p ) G T p P, and in the same manner 
t(ap) G A*G = (T p P)°, by definition, and a p - t{a p ) G (T p s G)°. 
Since 

(v p , ap) = Tt(v p , atp) + ((v p , a p ) - Tt(v p , a p )) , 

we have shown the first equality. The second formula can be shown in the same manner, using the map 
Ts : D G (p) -> D G (p) n (T P P x A;G). 

Next, we show that the intersection of D G with TP © A*G is smooth. Choose p G P and a p ) G 
D G (p) n (T p P x A*G). Since D G is a smooth vector bundle on G, we find a section (X, a) G T(D G ) defined 
on a neighborhood of p such that (X, a)(p) = (v p , a p ). The restriction (X, ct)\p is then a smooth section 
of D G \ P . We have Ts{(X,a)\ P ) G r(D G n (TP © A*G)) and Ts(X,a)(p) = (T p sv p , a p \ T t G ) = (v p ,a p ) 
since v p G T p P and a p G = (T p P)°. 

Thus, we have found a smooth section of D G n (TP ffi A*G) defined on a neighborhood of p in P and 
taking value (v p , a p ) at p. 

Since (DgIp) 1 - = D G [ P and TP ffi ^4*G = (TP ffi ^*G)" L are smooth subbundles of P G |p, we get from 
Proposition 4.4 in [2] that D G n (TP ffi A*G) has constant rank on P. By the splittings shown above 
and the fact that D G |p has constant rank on P, we find that the two other intersections have constant 
rank on P, and are thus smooth. □ 

In the case of a Dirac Lie group, the bundle P(D G ) — > P is go — * { e }> as is shown in the next example. 
We will see later that P (D G ) has a crucial role in the construction of the Courant algebroid associated 
to a Dirac groupoid (G=$P, D G ). The fact that the left and right invariant images of this subspace are 
exactly the characteristic distribution of the Dirac structure is a very special and convenient feature in the 
group case, that makes the Dirac Lie groups much easier to understand than arbitrary Dirac groupoids 
(see [El). 

Example 3.12 Let (G, D G ) be a Dirac Lie group (Example I3.4|) and set pi = Pi(e) C g* and go = 
Go(e) C g. We have P = {e} (the neutral element of G), 

D G (e) n (T e P x (T e P)°) = D G (e) n ({0} x g*) = {0} x Pl 
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and 

D G (e) n (T*G x {TlG)°) = D G (e) n (g x {0}) = So x {0}. 

We recover hence the equality D G (e) = Bo x Pi [TO] - 

In this particular case, D G is a Poisson structure if and only if D G (e) is equal to the set of units of 
TG © T*G=t{0} x $*, i.e. g = {0} and pi = g*. In the general case, this is not true. 

Lemma 3.13 Let (G^P, D G ) be a Dirac groupoid. For all g G G, we have 

D G (g) nkerTt = (0 g ,0 g ) *iJ fl) (D G ) 

and 

D G (g) n ker Ts = / t s (9) (D G ) * (0 9 , g ). 
The intersections D G n kerTt and D G n kerTs have consequently constant rank on G. 

PROOF: Choose g G G and v s{g) G T^ g) G, a s(s) G T* (9) P such that (« s(s) , (T s ( ff )S)*a s(5 )) G D G (s(g)). Then 
we have Tt(u s{g) , (T sig) s)*a s{g) ) = (0 s(ff ) , s(s) ) and (0 S ,0 S ) G D G (<?) with Ts(0 5 ,0 9 ) = (0 s(s ), s(ff )). Thus, 
the product 

(0g,0 g ) * {u s{g) , (T s(9) s)*q s(s) ) 
makes sense and is an element of D G (g) n kerTt. Conversely, it is easy to see that 

(0 g -i,0 g -i)*(vg,a g ) 

makes sense and is an element of D G (s(g)) nkerTt = Ih, (D G ) for all (v g ,a g ) G D G (<?) n (T^G© (T|G)°). 
Since (0 ff -i,0 ff -i) = (0 9 ,0 9 ) _1 , this shows (v g ,a g ) G (0 fl ,0 s ) ★^(D G ). 

There is hence an isomorphism 

D G (s(<7)) n (T^G x (T! {g) G)°) D G ( 5 ) n (T g G x (T 9 S G)°) . 

As a consequence, D G n kerTt has constant rank along s-fibers. Since D G n kerTt has constant rank on 
P by Theorem 13.11} it has hence constant rank on the whole of G. □ 

Example 3.14 If (G=tP,7r G ) is a Poisson groupoid, then 7r G (d(s*/)) G r(T t G) for all / G C°°(P) 
(see [30]). The intersection nkerTt is hence spanned by the sections (7r G (d(s*/)), d(s*/)), with / G 
C°°(P), and has constant rank. The intersection D na n kerTs is spanned by the sections 
(4(d(t*/)),d(t*/)) with / G C°°(P). 

Using this, we will show the next main theorem of this section. We will need the following lemma. 

Lemma 3.15 Let G^P be a Lie groupoid. Choose g G G and set p = t(g). Then, for all a p G T*P, we 
have 

-(T g - 1 s)*a p = ((T g t)*a p )- 1 . 
Proof: For any u p G A P G, one gets easily 

t((r ff t)*ap)(«p) = -((T p s)*a p )(u p ) 

and 

sC-CT^-is)*^)^) = -((T p s)*a p )(u p ). 

In the same manner, 

t(-(T ff -is)*ap) = 0, K(T 9 t)*a p ) = 0. 
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Hence, we can compute ((T g t)*a p ) * (—(T g -is)*a p ) and (— (T g -is)*a p ) * ((T g t)*a p ). By choosing for 
any u q G T q G two vectors u g -i G T g -iG and u g G T g G such that u q = u g -i *u g , one gets immediately 

((-(T g - lS )*a p )*((T g t)*a p )) (u q ) = (-(T^s)*^)^) + {{T g tf a p ){u g ) = 0, 

which shows that (— (T g -is)*a p ) * ((T g t)*a p ) = q = s((T g t)*a p ). For any w p = w g -kw g -i G T p G, 

(((T g t)*a p ) * (-(T g -is)*a p )) (w p ) = a p (T g tw g ) - a p (T g -isw g -i) = a p o (T p t - T p s)(w p ). 

Thus, {(T g t)*a p ) * (-(T a -is)*ap) = t((T ff t)*a p ). □ 

Remark 3.16 If (v p , (T p s)*a p ) is such that T p tv p = P , then Tt(v p , (T p s)*a p ) = (0 p ,0 p ). If g G G is such 
that s(g) = p, then (0 ff , g ) * (u p , (T p s)*a p ) = (T p L g v p , (T g s)*a p ) for all g G s -1 (p). 

To see this, let c : (— e,e) — > t _1 (p) be a curve such that c(0) = p and c(0) = v p . We can then compute 
g -kv p = T (s , p )m(0 s , t; p ) = ^ | CT=0 3 * c(cr) = T p L g v p . If v s € T S G, the equality v g = v g -k (T g sv g ) yields 
(0 9 * (T p s)*a p ) = 0g(u ff ) + ((T p s)*a p ) (T g sv g ) = a p {T g sv g ) = ({T g s)*a p ) (v g ). A 

Now we can prove a generalization of the fact that the units of a Poisson groupoid inherit a Poisson 
structure such that the target map if a Poisson map and the source is anti- Poisson (see |30|). 

Theorem 3.17 Assume that (G^P,D G ) is a Dirac groupoid such that TPD Go is smooth. Define the 
subspace Dp of Pp by 

d, w - { M £ p, w i ^-^2^;^ } w 

/or aZZ p G P. Then Dp is a Dirac structure on P. 

Furthermore, if for all g G G ; f/ie restriction to Go(g) of the target map T g t : 00(5) — > Go(t(<?)) PI T t ( g )P 
is surjective, then the maps t : (G, D^) — > (P, Dp) and s : (G, D G ) — > (P, — Dp) are forward Dirac maps, 
where —Dp is the Dirac structure defined on P by Dp(p) = {(— v p ,a p ) G Pp(p) \ (v p ,a p ) G Dp(p)}. 

The characteristic distribution Go P of (P, Dp) is then equal to the intersection Go H TP. Note that this 
theorem generalizes Theorem 4.2.3 in [30J (see also [29], [3] for the special case of symplectic groupoids), 
since in the Poisson case, we have Go = Otg an d the hypotheses are consequently trivially satisfied. If 
all conditions are satisfied, the Dirac structure on P is just the push forward of the Dirac structure on 
G under the quotient map t:G— ^G/G~P (see Example 12. 4p . 

Proof: First note that P(D G ) © ((G n TP) © A * G ) = D G n {T P G © AG°). By the hypothesis on 
Go fl TP, the intersection D G n {TpG © AG ) is hence smooth and has consequently constant rank on P 
by a Proposition in |14] , The space Dp is smooth since it is spanned by the smooth sections of Go D TP 
and the smooth sections (TtX, a) for all (X r ,t*a) G T(D G n kerTs). 

The inclusion Dp C Dp is obvious. Conversely, if (v p ,a p ) G Dp(p) ± C Pp(p) and y p G T p G is chosen 
such that T p ty p = v p , then we have 

((wp, (T p t)*P p ), (y p , (Tpt)* Op) = ((T p tuip,Pp), (v p ,a p )) = 

for all (w p , (T p t)*j3 p ) G D G (p) n (T p G x A P G°). Hence, we get 

(y p , (Tptfa p ) G (D G (p) n (T P G x (ApG) )^ = (D G (p) + ^ P G x {0 P }) 

and consequently (y p , (T p t)*a p ) = (y' p , (T p t)*a p ) + (u p ,0) for some (y' p , (T p t)*a p ) G D G (p) and u p G A p G. 
But then T p ty' p = T p ty p = v p and (v p , a p ) G Dp(p). 

Assume that the target map T g t : Go(g) — > Go(t(g)) n T t ^P is surjective for all 5 G G. We show that 
t : (G, D G ) — > (P, Dp) is a forward Dirac map. Choose p G P, <? G t _1 (p) and (t> p , a p ) G Dp(p). We have 
to prove that there exists (v g , a g ) G D G (g) such that a g = (T g t)*a p and T g tv g = v p . By definition of Dp 
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and the considerations above, there exists u p G T*G and z p G Go(p) fl T p P such that T p tu p + z p = v p 
and (u p , (T p t)*a p ) G 7 p (Dg). Then the pair (T p R g u p , (T g t)*a p ) = (u p , (T p t)*a p ) ★ (0 9 , 9 ) is an element of 
Dg-(<7) and by hypothesis, we find z g G Go(<?) such that T g tz g = z p . The pair (T p R g u p + z s , (T g t)*a p ) is 
then an element of Dc(g) and T g t(T p R g u p + z 9 ) = T p tu p + z p = v p . 

It remains to prove that s : (G, D&) — > (P, — Dp) is also a forward Dirac map. Choose p G P, g G s~ 1 (p) 
and (v p ,a p ) G — Dp(p). Then (— Vp,^) G Dp(p) and, since t(<7 _1 ) = s(<?) = p, there exists by the 
considerations above w g G T g ~iG such that T ff -itw 9 -i = v p and (— io„-i, (T 9 -it)*a p ) G Dcig^ 1 )- But by 
Lemma [3T51 we have then ((-Wg-i)' 1 , -(T g s)*a p ) G D G (g). This leads to ((u^-i) -1 , (T 9 s)*a p ) G D g (#) 
and since T g s((w g ~i)~ 1 )= T g -itw g -i = v p , the proof is finished. □ 

Note that the hypotheses on the distribution Go in Theorem 13.171 are rather strong. The following 
example shows that this theorem can hold under weaker hypotheses. 

Example 3.18 Assume that (M, Dm) is a smooth Dirac manifold such that Go is a singular distribution. 
Then, the induced pair Dirac groupoid (M x M ^ M, Dm Dm) as in Example 13.51 does not satisfy the 
conditions for Theorem 13.171 The space P(Dm Q Dm) is here given by 

^(m,m)( D -M © Dm) = {(v m ,0 m ,a m ,0 m ) \ (v m ,a m ) G D M (m)} 

for all m £ M, and the space Go H TAm is given by 

G (m,m) nT( mm )AM = {(v m ,v m ) \ (v m ,0 m ) G D M (m)} 

for all m G M. Hence, we have 

J ( m , m )( D M © d m) + (G (m,m) n T (rrhm) A M ) x MxM {0} 
= w m ,a m ,0 m ) | (%,a m ) G Dj^(m), (w m ,Q m ) G D M (m)} 

and we find that the same construction as in Theorem 13.171 defines a Dirac structure onM~ Am, which 
equals the original Dirac structure Dm on M since its fiber over m G M is {(v m , a m ) \ (v m ,w m , a m , m ) G 
J (m,m)( D M e ° M ) + Go(m,m) nr (m)m )A M }. 

Example 3.19 Let G^P be a Lie groupoid and ujq G Q 2 (G) be a closed 2-form on G. Then (G^P,log) 
is a presymplectic groupoid [5] if wg is multiplicative, dimC = 2 dimP and (ker ujG)(p)r\TpGr\TpG = {0 P } 
for all p e P. 

Note that (kei log)(p) = Go(p), if Go is the characteristic distribution associated to the Dirac groupoid 
(G^P, D Ua ), see Example 13.31 In [3], a multiplicative 2-form is said to be o/ Dirac type if it has a 
property that is shown to be equivalent to our hypothesis on surjectivity of Tt\y LCTUJG . If the bundle of 
Dirac structures defined as in ([H]) by the multiplicative Dirac structure D UJG associated to a multiplicative 
2-form ojg of Dirac type is smooth, then Dp is a Dirac structure on P such that the target map t : 
(G, Dq) — > (P,Dp) is a forward Dirac map. Thus, we recover here the two conditions in [3] since we 
made the hypothesis on smoothness of Go fl TP to ensure the smoothness of Dp. 

It is shown in [3] that a presymplectic groupoid (G^P,ujg) satisfy automatically these conditions and 
hence that there exists a Dirac structure Dp on P such that the target map t : (G, D WG ) — > (P, Dp) is a 
forward Dirac map. 

Remark 3.20 In the situation of Theorem l3.8l the multiplicative subbundle Go of TG has constant rank 
on G. In particular, the intersection TP fl Go is a smooth vector bundle over P and for each g G G, the 
restriction to Go(g) of the target map, T 9 t : Go(g) — > Go(t(<?)) fl T t r g \P, is surjective [11]. By Theorem 
I3.17| there exists then a Dirac structure Dp on P such that t : (G, Dq) — > (P, Dp) is a forward Dirac 
map. Since (G/Go^P/Go, pr(Dc)) is a Poisson groupoid, we know also by a theorem in [30] that there 
is a Poisson structure {■ , -}p/g on P/Gq such that [t] : {G/Gq, pr(Dc)) — > (P/Gq, {■ , -}p/q ) is a Poisson 
map. It is easy to check that the map pr Q : (P, Dp) — > (P/Gq, {• , -}p/g ) ^ s then also a forward Dirac 
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map, i.e., the graph of the vector bundle homomorphism T*(P/Go) — > T(P/Qq) defined by the Poisson 
structure is the forward Dirac image of Dp under pr Q . 



(G, D G ) 

pr 

(G/Go,pv(Dg)) 



(P, Dp) 



A 



(iVGo,{-,-}p/Go 



3.3 The units of a Dirac groupoid 

In this section, we discuss further properties of the set of units 2l(D G ) of a multiplicative Dirac structure. 

Proposition 3.21 Let £ = (^,%) be a section of D G n (TP © A*G) = 2t(D G ). Then there exists a 
smooth section £ = (X^,6^) of D G such that £|p = £ and Ts(£(g)) = £(s(g)) for all g G s _1 (Dom (£)) . 

Following |21j . we say that then that the section £ of D G is a s-star section or simply star section and 
we write £ ~ s £. Indeed, since G r(TP) and T g sX^(g) = X^(s(g)) for all g G G where this makes 
sense, the vector fields X^ and X^ are s-related, X^ ~ s Xg. Note that outside of P, £ is defined modulo 
sections of D G n ker Ts. 

Proof: We have shown in Lemma f3.13l that Danker Ts is a subbundle of D G . Hence, we can consider the 
smooth vector bundle D G /(D G H ker Ts) over G. Since D G is a Lie subgroupoid of P G =£(TP © A*G), we 
can consider the restriction to D G of the source map, Ts : D G — > 2l(D G ). Since D G nker Ts is the kernel of 
this map, we have an induced smooth vector bundle homomorphism Ts : D G /(D G nker Ts) — > 2l(D G ) over 
the source map s : G — > P, that is bijective in every fiber. Hence, there exists a unique smooth section 
[£] of D G /(D G n ker Ts) such that Ts([{](s)) = f (s(g)) for all g £ G. If £ G T(D G ) is a representative of 
[£] such that £| P = £, then Ts(£(fl)) = £(s(g)) for all g <E G. □ 

Lemma 3.22 Choose £,fj G T(2l(D G )) and star sections £ ~ s £ ; ry ~ s f/ o/D G . Then, if £ = (X^,9^) and 
7] = (Xjj, 9r,), the identity 

e v (£ zl Xs) + (£ z! %) (X,) = s*((^(£^) + (^%)(X,))|p) (9) 

ZioWs /or any section Z G T(^4G). 

Proof: Choose g £ G and set p = s(<?). For all i G (— e,e) for a small e, we have 

£( 5 * Exp(iZ)(p)) = (£(<? * Exp(^)(p))) * (eCExp^ZJCp))) -1 * (£(Exp(tZ)(p))) . 

The pair 

(e( 5 *Exp(tz)( P ))) * (ecExp^cp))) -1 

is an element of D G (g) for all t G (— s, e) and will be written 5t(g) to simplify the notation. Note that we 
have 

{ T REK P (tz)(9) R EM-tz) x d9 * Exp(tZ)(p)), * Exp(iZ)(p)) o T g P Exp(tz) ) 
= Ms)* (r E xp(^)^E X p(-^)^(Exp(tZ)(p)),%(Exp(tZ)(p)) oT p R Exp((Z) ). (10) 
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We compute 



(9 v (£ zl Xs) + (£ z iOt)(X v )) (g) 



M > Jt 



t=o 



{( R E X p(tZ) X () (flO> (-^ExpCtZ)^) (#)) 



itiot d 

~ dt 
d 

~ dt 



t=o 



rt{g)*fj(p), 8 t (g) * f f Rl Mtz) XA (p), IR 



<; Exp(tZ) W ? 



to) 



(r/G?), * f (<?)> + 



t=o 



t=o 



V(P), ((^Exp(tZ)^) (P), (^Exp(tZ)^) (P) 



d_ 
dt 



t=o 



0)+(fj, {£ z iX^ £ z iO£))(p) = [S v ( £ z' x t) + (£z'm x v)) «9))- 



□ 



Proposition 3.23 Let (G=£P, D G ) be a Dirac groupoid. Choose £,77 G r(2l(D G )) and star sections 
£ ~s *7 ~s ?? 0/ D(j, as in Proposition \3.21\ Then the Courant-Dorfman bracket 

[^rj] = ({X X v ],£ X( 9 v -i Xv d9 ( ) 

is a star section and its values on P are elements of TP A*G. 

Proof: Since X^ ~ s X^ andX^ ~ s X v , we know that [X^-X^] ~ s [X^,X V ]. Since X^\p = X^, X v \p = X v 
the value of [X%, X v ] on points in P is equal to the value of [X%, X v ] G £(P). We check that for all p G P, 
we have s ((£x 6 9 v - ix v d9^)(g)) = (£x s 9 n ~ i X I ,d^)(p) for any 5 € s _1 (p). 
We have for any Z G r(AG): 



§ (( W„ - ix i; d%) (<?)) (Z{p)) = (£ x ,e v - i Xi; d%) [Z l j (g). 
Hence, we compute with @ 

(£x e e v -i Xv d0 ( ) (Z l ) 
= X^e v (Z 1 )) + 9r,(£ zt Xt) - X V (9^Z 1 )) + Z l (9 ( (Xr,)) - 9^£ zl X rj ) 
= X i (s*(9 v (Z))) + 9 v (£ zl X^ - X v (s*(9 6 (Z))) + (£ zl 9^(X v ) 

=s*(xz(p ri (z)) + e v (£ z iXz) - x v mz)) + (£ Z «0 £ )(X„)). 

We have then also for p G P: 

(i?x £ 0„ - ix,d^) (Z(p)) = + 0„(£ z ,^) - X V (9\{Z)) + (£ zl 9s)(X v )) (p). 

Choose X G T(TP), then 

{£x ( 9 v - i Xv dB ( ) (X(p)) = X^9~ v (X))(p) + 0„([X,X f ])(p) ~ x r,mX))(p) 

+ X(9\{X r ,))(p) - 9~ ( ([X,X V ])(P) = 

since 9 V ,9^ G r(TP°) and X, [X,X € ],X V , [X,X V ] G r(TP). 

Thus, we have shown that (£x^9 v — i Xr] d6^) \p is a section of A*G = TP and 

s {{£x,9 v - i Xn dBz) (<?)) = [£x,9 v - i x „d^) (s(g)) 

for all g € G. 

Theorem 3.24 Let (G^P, Dq) be a Dirac groupoid. Then there is an induced antisymmetric bracket 

[■,.]* : r(a(D G )) x r(2t(D G )) r(rp©^*G) 



□ 



defined by [£,77]* = |p /or any choice of star sections £ ~ s n ~ s n 0/ Dq. // (G^,P, Dq) is closed, 
then (2l(D G ), [■ , ■]*, a*) is a Lie algebroid over P. 
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Proof: By Proposition 13. 23} if 5~ s 5,i|~ s i] then 



[(X ( ,0t), (X^Or,)] ~ s {[X^Xr,], (£x s e v - i X „d%) \ P ) . 

Thus, we have first to show that the right-hand side of this equation does not depend on the choice of 
the sections £ and rj. Choose a star section v ~ s of Dq, i.e., v G r(Dc n ker Ts) with v\p = 0. For any 
Z G T(AG), we find as in the proof of Proposition 13.231 

{£xA ~ ' l x^e v ) [z 1 ^ = s*(x u (9s{z))) + e^£ z ix v ) - s*{x^e v (z))) + (£ zl e u )(x^) 

= 6^{£ z iX v ) + (£ z iO v )(Xt) since X v = and V = 

= £ z i {{x v , e v ), (Xz, %)) - (£ zl (x 6 ,0z), ix v ,e v )) 
= -(£ z i(x e^,(x u ,e l/ )). 

Hence, at any p G P, we find 

= -(£ z t(x^e^( P ),(o p ,o p )) = o. 

Thus, we find {£x v 0^ — ix s d9 u )(p) = P since we know by the previous proposition that (£x v &£ — 
ix ( d9 v )(j>) G A*G = T p P°. We get hence 

[{X V ,9 V ),{X^)\ (p) = {[X v ,Xt],£xA-ix e de v ) (p) = ([0,^] P ,0 P ) = (0 P ,0 P ). 

This shows that the bracket on r(2l(D(j)) is well-defined. It is antisymmetric because the Courant- 
Dorfman bracket on sections of Dq is antisymmetric. 

If Dq is closed, then for all star sections £, rj G r(Dc), the bracket [£,77] is also a section of Dq and its 
restriction to P is a section of 21(Dq) since it is a section of TP © The Jacobi identity is satisfied 

by [• , because the Courant-Dorfman bracket on sections of satisfies the Jacobi identity. For any 
£,fj G r(2l(D G )) and / G C°°(P), we have 

a * [^V],= [X X V ] = [a,(£),a,(r/)] 

and 

[^f -v]j P ) = [(x^),(s*f)(x ri ,e r ,)}(p) 

= X^s*f)(X v ,6 v )(p) + (s*/) [(XzA)> ( X M ip) 

= Xz(f)(p) ■ (x v ,e v )(p) + f(p) ■ 

= a*(e)(/)(p)-^(p)+/(p)- [e,C(p) 

for all p G P. □ 

Let G^P be a Lie groupoid, TG^TP its tangent prolongation and (^4 — > P, a, [• , -] a ) a Lie algebroid 
over P. Let be a smooth manifold. The quadruple (Q; G, A; P) is a LA-groupoid |21| if f£ has both 
a Lie groupoid structure over A and a Lie algebroid structure over G such that the two structures on 
f2 commute in the sense that the maps defining the groupoid structure are all Lie algebroid morphisms. 
(The bracket on sections of 2l(Dc) can be defined in the same manner with the target map, and the fact 
that the multiplication in T*G © TG is a Lie algebroid morphism is shown in [27].) The double source 
map (q, s) : f2 — > G © A has furthermore to be a surjective submersion. 

Recall from [5] that if Dq is closed, then Dq — > G has the structure of a Lie algebroid with the 
Courant-Dorfman bracket and the projection on TM as anchor. Thus, the previous theorem shows that 
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the quadruple (D^; G, 21(Dg); P) is a £A-groupoid (see also [27]): 




We recover hence our star sections of D G as the star sections of the £A-groupoid (Dg;G, 21(Dg);P) 
as in [21] . It is shown in [21] (see also |20j). that the bracket of two star sections is again a star section. 
Here, we have shown this fact in Proposition 13.231 and get as a consequence the fact that 2l(Dc) has the 
structure of a Lie algebroid over P. 

The next interesting object in [2T] is the core K of It is defined as the pullback vector bundle across 
e : P «— )■ G of the kernel ker(s : O —> A). Hence, it is here exactly the vector bundle P{Dq) over P. It 
comes equipped with the vector bundle morphisms <5qi(d g ) : P(Dg) — ► 21(Dg) 5 (^p>ap) ^ Tt(v p ,a p ) and 
^AG : ^(^g) ~~ > ^.C) ( u p>«p) ^ u p- We have then a o <5^g = a* o <5gi(D G ) =: k. Furthermore, there is an 
induced bracket [• , -]js(d g ) on sections of P(D G ) such that (P(Dg), [■ , -]/s(d g )i k) is a Lie algebroid over 
-P. We prove this fact for our special situation in the following proposition. 

Recall that if (v p ,a p ), p G P, is an element of I p (Dg), then a p can be written (T p t)*/3 p with some 
f3 p G T*P. Furthermore, if a is a section of P(D G ) C (T S G (T^G) )^, then cr r defined by a r (c/) = 
o-(t(g)) * (0 9 ,0 9 ) for all g G G is a section of H kerTs by Lemma T3.13I and Remark 13.161 We write 

a r = {XlXoLa) with some X a eT (AG} and a a G O x (P). 

Proposition 3.25 Let (G^P, D G ) be a Lie groupoid. Define [• , -}i^ Dg ) : T(P(D G )) x T(P(D G )) -> 
r((kerTs)| P ) 

(k,T] / s (DG) ) r = [cr r ,T r ] 

/or a// sections a, r G F(P(Dg)), i.e., 

t]/«(D g ) = ([X CT ,X r ]^, (t*(£a(X CT )«r - ia(X T )da<r))|p) • 

// D G is closed, this bracket has image in T(P(Dc)) and P(D G ) has the structure of a Lie algebroid over 
P with the anchor map k defined by k(v p ,a p ) = T p tv p for all (v p ,a p ) G Ip(D G ), p G P. 

Note that this bracket on I s (D G ) is the restriction to L S (D G ) of a bracket defined in the same manner on 
the sections of (kerTs) |p. Note also that, if D G is closed, the space P(Dq) has in the same manner the 
structure of an algebroid over P. 

Proof: Choose a, r G T(I s (Dg)) and assume that D G is closed. The bracket 

[c- r ,T r ] = [(X r a ,t*a a ),(X r T ,t*a T )} 

is then itself a section of D G - The identity 

[(Xr,t*a a ),(X;,t*a T )] = (([X a , X^Y ,t*(£~ a{Xcr) a T - i~ a{ x T) da a )) 

shows hence that [a r , r r ] G r(Dc n kerTs) is right invariant and consequently 

[o-,t] /s(Dg) = [(X r a ,t*a a ),(X r T ,t*a T )} \ P G r(P(D G )). 

The bracket [■ , -]js(d g ) satisfies then the Jacobi identity because the Courant bracket on sections of D G 
satisfies it. The Leibniz rule is easy to check. □ 
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As in [21], we have thus four Lie algebroids over P: 



P(D G ) -Hi — ^ 2l(D G ) 




TP 



The anchors a, a* and the map <5^g are obviously Lie algebroid morphisms and the theory in [20], [21] 
yields that 5a(D G ) is also a Lie algebroid morphism. 

Next, we compute the Lie algebroid 2l(D G ) — > P for our three "standard" examples. 

Example 3.26 Let (G=$P, ttq) be a Poisson groupoid and the graph of the vector bundle homo- 
morphism tt g : T*G — > TG associated to ttq- The pair (G=tP, D,r G ) is a closed Dirac groupoid. The set of 
units 2l(D. G ) of D. G equals here Graph (4 | ^ : A*G TP) and is hence isomorphic to A*G as a vec- 

U a *g) ■ A*G -> a(D WG ) 



7T, 



G 



A*G 



tor bundle, via the maps := pr^.^ : 2l(D^ G ) — > A*G and 6 1 
over Idp. 

The vector bundle A*G has the structure of a Lie algebroid over P with anchor map given by A*G 
TP, a p i — y ir G (a p ) G T p P and with bracket the restriction to A*G of the bracket [• , ■] 7VG on defined 



by vr G : [a,/3] 



£ 



/9 



dvr G (a,/?) for all a,/3 G ^(G) (0|). Thus, A*G with this Lie 



algebroid structure and 2l(D„- G ) are isomorphic as Lie algebroids via and . 







Example 3.27 Let log be a multiplicative closed 2-form on a Lie groupoid G^P and consider the 
associated multiplicative Dirac structure D L0G on G. The Lie algebroid 2l(D^ G ) — > P is here equal to 



B(D 



Graph (u G \ TP : TP -> A*Gj 



with anchor map a* : 2l(D^ G ) — > TP given by a* {y p ,ur G (vp)\ 
(X,J G (X)) , {Y,J G (Y)) G r(a(D WG )) is simply given by 



Up . 



The bracket of two sections 



X,u g (X)),(y,J g (Y))\ = ([X,Y),J G {[X,Y] 

The Lie algebroid 2l(D^ G ) is obviously isomorphic to the tangent Lie algebroid TP — > P of P, via the 
maps pr T p : 2t(Do; G ) -> TP (the anchor map) and (ld TP ,J G \ T p) : TP -»■ 2l(D WG ). 

Note that if (G=*P, w) is a Lie groupoid endowed with a multiplicative closed 2-form, then 21(0^) is 
the graph of the dual of the map cr w : AG -»• T*P in pQ. 

Example 3.28 Let (M, Dm) be a smooth Dirac manifold and (M x M 4M, Dm Dm) the associated 
pair Dirac groupoid as in Example 13.51 The set 21(Dm © Dm) is defined here by 

2t(D M © D M ) (m,m) = Tt((D M © D M )(m,m)) = {(v m , v m , a m , -a m ) \ (v m ,a m ) G D M (m)} 

for all m G M. Hence, we have an isomorphism 21(Dm Dm) — > Dm over the map pr 1 : Am — > M. 
Sections of 2l( Dm Dm) are exactly the sections (X,X,a,—a)\& M for sections (X, a) G Dm- The section 
(X, X, a, —a) of Dm Dm defined on M x M by (X, X, a, —a)(m, n) = (X (m) , X (n) , a(m), —a(n)) for 
all (m,n) G M x M is then easily shown to be star sections s-related to (X, X, a, —cx)\a m - Using this, 
one can check that, if (M, Dm) is closed, the Lie algebroid structure on 21(Dm © Dm) corresponds to the 
Lie algebroid structure on (M, Dm) (see [5]). 
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3.4 Integrability criterion 

The main theorem of this section shows that the integrability of a Dirac groupoid is completely encoded 
in its square of Lie algebroids. The proof, which is very technical, will be only summarized here. It can 
be found with more details in [Sj. We begin by showing a derivation formula for star sections, that will 
also be useful later. 

Theorem 3.29 Let (G^P, D G ) be a Dirac groupoid, £ ~ s £ a star section of D G and Z G r(^4G). Then 
the derivative £ z i{X^,9^) can be written as a sum 

£ z i(Xt,9() = (X L ^,9^) + (y^ z ,s*a^ z ) =: £ z £ + (a^ z ) 1 (11) 

with Y^^z G r(AG), a^z G ^{P) and Lz£, '■= {^J^zi^^zi) a s ^ ar section of D G . We have Lz£, ~s 
Tt (£ z i(X^, 0f)|p) in the sense that 

Ts (X L ^{g),9^{g)) = Tt (£ zl {X $ , %)(s( 5 ))) 

for all g G G. 

In addition, if {X V ,9 V ~) ~ s (0,0), then £ z i{X u ,9 u ) G r(D G f~lkerTs). In particular, its restriction to P 
is a section o// s (D G ). 

The following lemma will be useful for the proof of this theorem. The proof is easy and shall be 
omitted. 

Lemma 3.30 Let G=lP be a Lie groupoid. Choose (X, (t*a)| P ) G T((ker Ts)| P ) and Z G T(AG). Then 
we have 

£ z i{X r ,t*a) = 0. 

PROOF (of Theorem 13.291) : Note first that, in general £ z i{X^,9^) is a section of D G + kerTt: for all 
a r = {XI, t*a a ) G T(D G n ker Ts), we have 

(£ zl (X^9^,a r ) = £ zl ((pQ,%), {KX a a ))) - ((X^), £ z i{KX^)) = 

using D G = and Lemma EMI This leads to £ z i{X i ,9^j G r ((D G n ker Ts)- 1 ) = T(D G + kerTt). 
Choose g G G. Then 

T g s{£ zl X ( ){g) = T g s [z l ,X ( ] {g) = [a(Z),X € ] {s{g)) 

and for any W G T{AG) 

s{£ zl 9^{g)){W{s{g))) = {£ z ^){W l ){g) = {Z l {s* {9^{W))) - s*(0 € ([Z, W) AG ))){g) 
= {{b{Z)){9^W))-9^[Z,W]ag)){s(9)). 

This shows that Ts(»£ Z i {X^,9^)) (g) depends only on the values of Z,X^,9^ at s{g). 
Set 

{Yl z ,s*a^ z ){g) := (Q g , g ) * ([£ z iX^ £ z iB ( )(s(g)) - Tt {{£ z iX^ £ z i9^){s{g))) 

and 



{X Zz ^9 Zzt ){g) := {£ zl X^,£ zl 9^){g) - {Y^a^z) (<?) 
for all g G G. Then (y^ z ,s*a^z^J is a smooth section of kerTt satisfying 



Ts [Yl z , s*c^ z ){g) = Ts s*a^ z ) {s{g)) 
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by construction for all g G G and LzC = (Xjh z ^,9^ z ^) is consequently a star section if we can show that 

Ts((X Lz ^e Lz ^)(g)) = (X Lz ^e^)(s(g)) 

for all g G G. Using the computations above for Ts (£ z i(X^, 6$)), it is easy to see that, for g G G, we 
have 

Ts ((X Zzi , 9 Lz( ){g)) = Tt {£ zl X^ £ z ^) (s(g)), 

which, by definition, is equal to (Xc z g, 9n z ^)(s(g)). 

It remains hence to show that (X^ z ^9^ z ^) is a section of D G . The equality 

(a r , {X Cz ^ e £z z)) = (a r , {£ zt Xz, £ z ^)} - (a\ (Y^, s*a i>z )) = 0-0 

holds for all a r G r(kerTsn D G ), and for all star sections (X^,^) of D G , we compute 

{{x v ,e v ),{x Czi ,e Zzi )){ g ) 

'(X v ,e,)(g),(£ zl X i ,£ zl e i )(g)-{Yl z ,s*a^ z ) (g)] 

= ((X v ,d v )(g),(£ zl X £ zl 9 i )(g)) 
-((X,,^)( 5 )*(X,,^) (s(g)), 

(0 g ,Q g ) * {{£ z iXz, £#0$ (s(g)) - Tt (£ zl X^, £ z ^) (s(g)))) 

i <(X„ 9 V ) (s(g)), (£ zl X^, £ z ^) (s(g))) 

- ((X v ,9,) (s(g)),(£ zl X^£ zl e^(s(g))-Tt(£ zl X^£ zl e^(s(g))) 
= ({X v ,e v ) (s(g)),Tt(£ zl X^£ zl ^) (s(g))) = 

since TP © A*G = (TP A*G) ± . Thus, we have shown that (X Cz( ., 9 Cz ^) G r(D G ± ) = r(D G ). 

For the proof of the second statement, assume that (X y ,9 v ) is a smooth section of D G that is a star 
section s-related to (X U ,9 U ) = (0,0). For all left invariant sections (Y l ,s*j) of kerTt, we have 

( £ z i (X v , 9 V ) , (Y l , s* 7 )) = £ z i (iX u ,e v ), (Y l , s* 7 ) ) - {{X v , 9 V ), £ z i (Y l ,5*7)) 

= £ zl (s*( 7 (x v ) + e v (x)))-s* (e v ([z,Y] AG ) + (£ 3{z)1 )(x v )) 

= 

since X u = and 9 U = 0. Choose any star section £ = (Xt, 0%) of D G . Then 

(£ z i{x v ,e v ),{x^,e{)) = £ zl ((x v ,o v ),{Xe,Oz)) - ((x v ,e v ),£zi(XzA)) = ° 

since £ z i(X^9^) G T ((D G n ker Ts)- 1 ) . We have also £ z i(X v ,9 v ) G T ((D G n ker Ts)- 1 ) and, because the 
star sections of D G and the sections of D G nker Ts span D G , this shows that £ z i (X u , 9 U ) G Y ((D G + ker Tt)- 1 -) 
r(D G nkerTs). □ 

We have also for any star section £ of D G , any section a G r(/ s (D G )) and Z G Y(AG): 
since R* K a r = a r for all bisections K G 23(G). Hence, we get 



RUitz)^° r ) (9) = {R% M a.z)^° r ) (9) = (^ r ) (9) = 



23 



for all g G G, a G F(/ s (Dg)) and t £ R where this makes sense and we find consequently R^^z^ £ 
r(Dc + kerTt). If the s-fibers of G^P are connected, the set of bisections of G is generated by the 
bisections Exp(tZ), t G R small enough and Z G (see [21]). We know then that R* K £ G T(D G + 

kerTt) for any bisection K G 23(G). 

We denote here by S(D(j) the set of star sections of Dq- Note that is spanned on G \ P by the 
values of the elements of S(Dg), since DcRkerTs is spanned there by the values of the star sections that 
vanish on P. 

Consider the vector bundle E := Dg/(Dg H kerTt) ~ (Dq + kerTt)/ kerTt over G. Since the fiber 
Dc(g) over g of the Dirac structure is spanned for each g G G \ P by the values of the elements of 
S(Dg) at g and, for each p G P, the vector space E(p) is spanned by the classes £(p) + I^(Dg) for all 
star sections £ of Dq, we find that the vector bundle E is spanned at each point g G G by the elements 
£(#) + (Dc nker Tt)(g) for all £ G S(Dg). To simplify the notation, we write £ for the image of the section 

£ G S(Dg) in E, and S(Dg) for the set of these special sections of E. By the considerations above, for any 
K G 23(G) and £ G S(Dg), we can define R^S, '■= Rjc£- If we se t i n the same manner 

£#i = « ™ Zzl+^^z 1 = £rfe S(Dg) 



for all £ G S(D G ) and Z G T(AG), we find for any g G G: 



d_ 

dt 



t=0 



d_ 

dt 



t _ Q R *EMtz)^) 



Assume here that the bracket on sections o/2l(Dc) induced by Dq as in Theorem \3.2J\ has image in 
r(2t(D(j)). Recall from [5j that the integrability of a Dirac structure is measured by the Courant 3-tensor 
T defined on sections of Dq by 



for all (,,rj,( G r(Dcr). We show that T induces a tensor T G T ^/\ 3 E* ). By the considerations above, 
we can define a 3-tensor T by its values on the elements of S(Dc). Set 

t(It},c) =J(C,v,0 



for all £, n, ( G S(Dg). To see that T is well-defined, choose g G G and a g G (Dg Pi ker Tt)(g). Then there 
exists a G I^I^Dc)) such that cr l (g) = a g . Then, since [£,r/] is a star section s-related to [£, we have: 

T(Z(9),V(9),(T 9 ) = T (£,7/,/) (g) = far)], a 1 ) (g) = ([£77]*,*) (s( fl )) = 

since [£, r7]*(s(#)) G D G (s(c/)) by hypothesis. 

For any bisection K G 23(G), we can define the 3-tensor R^T by 

'R* K i) (l fj, c) = r* k ft (k* k -iI R^-ifj, r* k -,c : 



for all S,,n,C G S(Dc). For Z G r(AG), we can thus define i^T by 



i=0 



^Exp(tZ)"r. 
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We have 

^Exp(tZ) [J (ijV)CjJ = (^Exp(tZ)T) (#Exp(tZ)£> -^Exp(tZ)^' ^Exp(tZ)C) 

for all £, 77, £ ^ S(D(j), which yields easily 

£ Z i (T (£, V, 0) = (i?z< t) (f, *7, C) + T(£zC, *7, C) + T(e, £zr?, C) + T(£, r?, £zC)- (12) 

We will need the following lemma for the proof of the main result of this subsection. 

Lemma 3.31 Let (G=iP, Dq) be a Dirac groupoid. Consider three star sections £ ~ s rj ~ s 77 and 
C ~ s C 0/ D G . T/ien, j/ [£,77]* G r(2l(D G )), we aawe 

[C. [C,r?]J, = [C,K^]]|p 

where the bracket on the right-hand side is the Courant-Dorfman bracket on sections of TG ®T*G. 

Proof: If f := [£>77] G r(2l(D G )), then there exists a star section r of D G such that r ~ s f. Since 

[£>«]|p = [£,v]* = t \p and iMK^KfiO) = [£,?7~L( s (s)) = Ts ( r (fiO) for all g G G, there exists then a 
section % of ker Ts that is vanishing on P such that r— [£, 7/] = Choose p G P. Then, on a neighborhood 
[/ of p in G, the section x of ker Ts can be written \ = Ya=i fi a i w hh functions fi, ■ ■ ■ , f n £ C°°(U) 
that vanish on Pflf/ and basis sections o~i, . . . , o~ n of (ker Ts)|p on U Pi P. We have then 

[C. [6*j]J* = [C,t]|p = [C, K,77] +X]|P = [C, + [C,X]|P. 

If we write C = (^o w f)' we can compute using (J5j) 

n 

[C,x]=E(/i[C,<] + WiK). 
1=1 

Since is tangent to P on P and /1, • • • ,/ n vanish on P, we have X<*(/j)|p = 0. This shows that 
[CjX](p) = for a11 P G P. Hence, we have [(, [£,fj] J ^ (p) = [C, [£,7?]](p). □ 

Now we can state the main theorem of this section. 

Theorem 3.32 Ze£ (G=tP, D G ) be a Dirac groupoid. Assume that G^P is t-connected. Then the Dirac 
structure D G is closed if and only if: 

1. the induced bracket as in Theorem \3.24\ has image in r(2l(D G )) and satisfies the Jacobi identity 

[C, + [*> [6£LL+ [£ M J, = for all e,77,C 6 r(2l(D G )) 

and 

£ae induced bracket on sections of P(Dq) as in Proposition \3.25\ has image in r(P(D G )). 

Example 3.33 1. In the Poisson case, the integrability is ensured by the fact that A*G is an algebroid, 
since it defines then a linear Poisson structure tta on AG such that tt\ : T*A — > TA is a Lie algebroid 
morphism, that integrates modulo canonical identifications to tTq : T*G — > TG. 

2. In the case of a multiplicative 2-form, closedness of the form is ensured by the condition of compat- 
ibility of the corresponding IM-2-form with the Lie algebroid bracket [lj. This is exactly the same 
as the condition on P(Dq) to be a Lie algebroid. 

3. In the pair Dirac groupoid case, we have seen that P(Dm Dm) and 21(Dm Dm) are both 
isomorphic to Dm- We know already that Dm Dm is closed if and only if Dm is. 
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Proof (of Theorem 13.321) : We have shown in Theorem 13.241 and Proposition 13.251 that the integra- 
bility of Dq implies 1) and 2). 

Conversely, assume that 1) and 2) hold. We will show that is closed. First choose p € P. The fiber 
Dc(p) of Dq over p is spanned by the values of the sections in I s (Dg) defined at p, and the values at p 
of the star sections of D^. Since the brackets on sections of I s (Dg) and 2l(Dc) have values in T(I s (Dg)), 
and respectively r(2t(Dc)), we find for all o"i,<72> <?3 G P(^ s (Dg)) and 6,6,6 G S(Dc): 

T(al,a^,a^)(p) = ([a 1 ,a 2 ] r ,(T r 3 )(p) = (ki, ct 2 ] /s(Dg) , <7 3 )(p) = 
T(cr[,CT2,6)(p) = (kl,°2]/ s (D G ),6)(p) = 
T(6,6,^)fr) = ([&,&]*, *3>(p) = 
T(6,6,6)(p) = ([6,6]*,6}(p) = o. 

Hence, T vanishes over points in P. 

Consider the 3-tensor T induced on the sections of E = Dg/(Dg PI kerTt) by T and choose 6,6,6 £ 
S(D(j) and Z G T(AG). We show that (i^' "0(6,6, 6) = 0. A long but straightforward computation 
yields 



^(T(6,6,6)) = T(£z6,6,6) + s* (o^.z +s* (u) 6 (u,^., K,.^ , 

+ s* (°fc,z (*{ 3 ))) + s* 

+ s * ( a 6,y ei ,z + s * (^6 (^3,ni,z 



+ c.p.. 

By ([12]), this leads to 



+ s* (X 6 (a 6iZ (X 6 ))) +s* (u> f2 (y &)Z ))) 



+ c.p. 

£ z if) (6,6,6) (*(<?)) 



for all g £ G. But since T vanishes on the units by hypothesis, we find by (|12p that 

(^t)(e"i,6,6)(s( 5 )) = ^(T(6,6,6))(s(«7)). 

A quick computation shows that the cotangent part of [£1, [6,6]] + [6, [6,6]] + [6, [6,6]] is equal to 
d(T(£i, £2, 6)), see also |S]- Using this and Lemma f3. 31 1 we find finally 

(^t)(6,6,6)(s) = zl ( T (6,6,6)) (s(g)) 

'([6, [6,6]] + [6, [6,6]] + [6, [6, 6]]) (*(</)), (z,o)(s(g))] 

'([6, [6,6]*]* + [6, [6,6W* + [6, [6,6]*]*)(s( 5 )), (^,o)(s( 5 )V 
= 

since by condition 1), [• , satisfies the Jacobi identity. 

Hence, we have shown that £ z iT = for all Z G T(AG). This yields that -RExp(tz)"'" = ^ or au 
Z £ r(^4G) and t € M where this makes sense and hence, since G is t-connected and T vanishes on the 
units, we find T = 0. Thus, T = on G and the proof is finished. □ 
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Remark 3.34 For Z E T(AG), define V z ■ T(E) -> T(E) by Vz£ = £ z £ for all $ G S(D G ), and 
Vz (E?=i = E?=i + /iV^li) for aU /!,..., / n G C°°(G) and . . . , L G S(K). Then 

is a derivative endomorphism of E over Z . The map T(AG) — > r(D(E)), Z — > Vz is a derivative 
representation of AG on E associated to the action of AG on s : G — > P, Z £ r(ylG) — >■ (see [IS]). A 



3.5 The Courant algebroid associated to a closed Dirac groupoid 

The dual space of 2l(D G ) can be identified with Pg , |p/21(Dg)- l . Since 

2l(D G ) ± = D G | P + (TP © A*G) = P(D G ) © (TP © A*G) 

and 

P G | P = (TP © + ker Tt|p, 

we have 

/„,/r^ nn* kerTtlp 

(2l(Dc)) K T^T 

Since D G | P C 2t(D G ) © kerTt| P , we have P(D G ) C 2t(D G ) © kerTt| P and the quotient 

2i(D G ) ©kerTt[p 
* (DC) = IHDaj 

is a smooth vector bundle over P. Consider the map 

* : kerTt| P ffi2l(D G ) -> 23(D G ), 

^(a+e) =a + e + / s (D G ) 

for all a G r(kerTt| P ) and f G T(2l(D G )). If *(<r + £) = I 5 {E>g), then we have a + f G r(D G | P ) and 
hence cr G T(D G | P ) since £ G T(D G | P ). This yields a G T(P(D G )) and the map factors to a vector 
bundle homomorphism 

* : (2l(D G ))* ffi 2l(D G ) ^ <B(D G ) 

over the identity Id P . 

Set r = rankP(D G ), n = dim G. Then we have also r = rankP(D G ) and we can compute rank 23(D G ) = 
rank(ker Tt) + rank(2l(D G )) — rank/ s (D G ) = n + (n — r) — r = 2n — 2r. We have also rank((2t(D G ))* © 
2t(D G )) = n — r + n — r = 2n — 2r and since ^ is surjective, it is hence a vector bundle isomorphism. 

Since (ker Tt| P ffi 2l(D G ))^ = (ker Tt| P + Dg\p) ± = P(D G ), the bracket (• , •) restricts to a non degen- 
erate symmetric bracket on *B(D G ), that will also be written (• , •) in the following. 

Recall from Example 13.261 that if (G=fcP, D nG ) is a Poisson groupoid, the bundle %l(D nG ) is equal to 
Graph(7r G U* G ) ^ A*G, a*(£) = 7r G (£) for all £ G T(A*G) and the bracket on sections of 2l(D G ) is the 
bracket induced by the Poisson structure. In the same manner, we have (2l(D G ))* = ker Tt| P /P(D G ) = 

kerTt| P / Graph ^ G |(T|,G) ) which is isomorphic as a vector bundle to AG. The vector bundle 5S(D^ G ) 
is thus the vector bundle underlying the Courant algebroid associated to (G=iP, n) We will study this 
example in more detail in Example 13.361 where we will show that 05 (D^) carries a natural Courant 
algebroid structure that makes it isomorphic as a Courant algebroid to AG ffi A*G. 

We show here that if the Dirac groupoid (G^P, D G ) is closed, the vector bundle <B(D G ) — > P always 
inherits the structure of a Courant algebroid from the ambient standard Courant algebroid structure of 
P G - 

Because of the special case of Poisson groupoids, we have chosen the notation 23(D G ): this Courant 
algebroid will play the role of the "Lie bialgebroid of the Dirac groupoid (G=tP, D G )". 
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Theorem 3.35 Let (G^P, D G ) be a closed Dirac groupoid and 

the associated vector bundle over P. Set b : 33(D G ) — > TP, b(v p ,a p ) = T p sv p . Define 

[-,-]: r(»(D G )) x r(»(D G )) ->• r(»(D G )) 

by 



[Z + a + F(p G ),f} + T + P(D G )] 



+ / S (D 



for all o~, t G T (kerTt|p), £,fj G r(2l(D G )) and star sections £ ~ s £, 77 ~ s f/ 0/ D G , where the bracket on 
the right-hand side of this equation is the Courant bracket on sections of the Courant algebroid P G . This 
bracket is well-defined and (33(D G ), b, [•,•],(•, •}) is a Courant algebroid. 

Proof: This proof can be found with more detailed computations in (j-jj. The map b is well-defined since 
TpSv p = P for all (v p , a p ) G I S (D G ). We show that the bracket on sections of 23(D G ) is well-defined, that 
is, that it has image in r(*8(D G )) and does not depend on the choice of the sections £ + a and fj + r 
representing f + <r + I S (D G ) and 77 + r + I S (D G ). We have, writing a 1 = (X l ,s*a) and t 1 = (Y l ,s*(3) , 

(X f + X 1 , 9c + s*a), (X„ + y', 0„ + s*/3) 

= %)) ^)] + (^7?) ~ £y 1 

+ ( [x, y]^ G , s* f £ MX) p - £ M yA (13) 



+ s* -d(a(X v + a(y)) + 0c(Y) - f3(Xc + a(X)) - ^(X)) 



By Theorems 13.241 and 13,291 the restriction of this to P is a section of 2l(D G ) © ker Tt|p and depends on 
the choice of the star sections (Xc, 0c), (X^, 9 V ) only by sections of 7 S (D G ). 
Choose a G r(/ s (D G )). Then we have for all {Y l ,s*(3) G r(kerTt): 



a r , (Y l ,s*P) = I 0, £ X r (s*/3) - £ Y i (fa,) + ( (t*a ff )(y<) - (s*/3)pQ 



1 



(0,0). 



We have used Lemma l3.30l If (X v , 9 V ) is a section of D G that is a star section s-related to (X u , 9 U ) = (0, 0), 
then we have {X V ,9 V ) G T(D G n kerTs) and we find smooth sections a\, . . . ,a 7 k G T(D G n kerTs) and 

functions fi,...J k G C°°(G) such that {X V ,9 V ) = J2i=ifi a i- Then we § et easil y for a11 ( Y ^ S *P) G 
r(kerTt) 



i=i 



which is a section of D G nker Ts. Hence, the restriction to P of [(X v , V ) , (y^,s*/3)] is a section of/ s (D G ). 
In the same manner, for i = 1, . . . , k and any star section (Xc, 0c) ~ s (Xc, 9c), 



[a r it (X^)] = {[X^Xcj^xr^-ix^a^] 



is a section of D G since D G is closed. Since Xc ~ s Xc and X£. ~ s 0, we have [XJ. ,J¥^1 ~ s [0,X^] = 
and we compute for any Y G T(AG), using the equality (t*a ai )(Xc) = —0c(X^.): 



£ X r0 $ -ix,d(t*a ai )) (Y l )=Xl(0c (y 1 



K,,y 1 



X, 



(t*a ai )(Y 1 )) 



+ Y l ((t*a ai )(X ( )) + (t* a<7i )^[Xc,Y l 
■X r ai (s*(0c(Y))) + (£ yl (t*a ai ))(^) = 0. 
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This shows that [(X^.,t*a ai ) , (X € , %)] is a section of ker Ts n D G for i = 1, . . . , k. Then we get as above 

{{x v , e v ), <y = (fi Wh ( x t, ^)] - x dfiK + %))(o, d/o 

i=l ^ 
fc 

= ^(/ i [ar,(x 6 %)]-x e (/ i K), 



i=l 



which is a section of D G fl ker Ts by the considerations above. Hence, its restriction to P is a section of 
I S (D G ). If | + <r G r(/ s (D G )), then as above, we find that a G r(/ t (D G )). The section f + a' - (f + <r) r 
is then a section of D G that is a star section s-related to 0. Since by the considerations above, we know 
that 

+ -{t + aY^ + A er(/ s (D G )) 



and 



for all star sections r] ~ s ij of D G and r € r((ker(Tt))|p), we have shown that the bracket does not depend 
on the choice of the representatives for + (s*a)| P )+/ s (D G ) and (X v ,e v )+(Y, (s* (3)\ P )+P(D G ). 

We show now that (<B(D G ), b, [•,•],(•, •)) is a Courant algebroid. The map 

D : C°°{P) -> r(«8(D G )) 

is simply given by 

!D/ = i(0,s*d/) + / s (D G ) 



since 



1. 



D/, K,a p )) = -b [(v p ,a p ) ) (/) = ~2> p (/) 



1. 



for all (t> p ,a p ) G <B P (D G ). We check all the Courant algebroid axioms. Choose 

(X 5 + X, C + (s*a)| P ) + I S (D G ), (X, + y, 0„ + (s*/3)| P ) + / S (D G ) 

and 

(X T + Z,9 T + (s* 7 )|p) + / S (D G ) G r(»(D G )) 
and let / be an arbitrary element of C°°(P). 

1. By (US]), the bracket 

(X 6 + X l ,9 i + s*a), (X v + Y l ,0 v + s*/3) 
can be taken as the section extending 

+ X, ^ + (s*a)|p) + / S (D G ), (X, + Y, 9 V + (s*p)\ P ) + / S (D G )] 

to compute its bracket with (X T + Z,9 T + (s*7)|p) + I S (D G ). Since P G is a Courant algebroid, we 
have 

(x ( + x l ,e^ + s*a), (x v + Y l ,e v + s*p)] , (x T + z l ,e T + s* 7 ) 



0,d 



+ c.p. 

+ X\ % + s*a) , (X, n + Y l , 6 V + s*/3jj , (x T + Z z , # T + s* 7 

+ c.p.. 
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If we write e^x,a for (JQ + X, 6^ + (s*a)\p) + J s (Dg), etc, this can be checked to restrict to 

[ e £,X,a, [ e v,Y,/3, e T,Z,j]] + [e v ]] + [e-r,Z, 7 , [e£,X,a, e V,Y,p]] 



(([ e £,X,a, e r!,Y,p\, e r,Z,-y) + ([e^K^S, e T,Z,j], e £,X,a) + {[^r,Z,-)i e £,X,a], e V,Y,@)) 



on P. 
2. We have 



b[e£,X,a,er),Y,p] = Ts 



X£+X l ,X v + Y l 



Ts (Xe + X l ) ,Ts (X v + Y l 



[X£ + b(X),X v + 3 (Y)] = [b(e^,a),b( e77) y i(S )]. 



3. We compute 



[ e £,X,a, f ■ e r/,Y,p] 

(X 5 + X 1 , % + s*a), (s*f) ■ (X v + Y l , e v + s*f3) + / s ( D ( , ) 
(s*/) + X\ % + s*a), (X„ + y', 0„ + s*/3) 
+ (X 5 + X z )(s*/)- fo + Y'^ + s*^ 



(X € + X 1 , % + s*a), (X, + Y l , 9 V + s*P)j • -(0, d(s7))J ^ + / S (D G ) 

= f[e-$,X,a,er),Y,p] + b(e^x,«)(/) • e Vt Y,/3 

- <(X e + X, # c + s*a) , (X,, + Y, 0„ + s*/3))D/ 

= / [ e £,X,a, e J7,y,/3] + b (e£,X,a) (/) ' e^y^ - (e^X,a, e v,Y,/3) ^ f • 

4. We have obviously b o D = 0. 

5. Finally, since Pq is a Courant algebroid, the corresponding equality for sections of Pq yields easily, 
with the same computations as in the previous points 



^( e ^,X,a)( e r),Y,p, e T,Z,j) =\ [ e £,X,a, e r),Y,p] + ^( e £,X,a!) e V,Y,Pl i e r,Z,-y) 

+ ( e 7?,y,/3) [e^,x,a 5 e Tj z, 7 ] + D(e^x,a,e Ti z )7 )). 



□ 



Example 3.36 We see in this example that in the special case of a Poisson groupoid (G=$P,D nG ), 
the obtained Courant algebroid is isomorphic to the Courant algebroid defined by the Lie bialgebroid 
associated to (G^P,ttg), see [IT], [18]. This shows how the Courant algebroid structure on AG © A*G 
induced by the Lie bialgebroid of the Poisson groupoid (G^P, ire) can be related to the standard Courant 
algebroid structure on P G = TG © T*G. 

Recall that the Courant algebroid E WG = AG © A*G associated to the Lie bialgebroid (AG, A*G) of 
(G=$P, ttq) is endowed with the anchor p : AG © A*G — > TP defined by p(v p , a p ) = a(t> p ) + 7r G (a p ) for 
all p G P and (v p ,a p ) G A p G x A*G and the symmetric bracket (• , •) defined by ((v p ,a p ), (w p ,/3 p )) = 
a p (w p ) + (3 p (v p ) for all p G P and (v p ,a p ), (w p ,/3 p ) G A p G x A* p G. Its Courant bracket is given by 



[(x, o, (y v)] ={[x, y] ag + s%y - £;x - ~d*(£(y) - v(x)), 

[£, r})* + 2xV ~ Zy£ + ^d(£(Y) ~ V(X)) 

where, if X^ := tt g (£) G r(TP) for £ G T(A*G), 

£|Y G r(AG), r(£|Y) = X s (r(Y)) - [£, r](y) Vr G 
£x?7 G r(j4*G), (£ X 77)(Z) = a(X)(77(Z))-77([X,ZU G ) VZ G F(AG) 



(14) 
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and, for any / G C°°(P), 

(d*/)(r) = X T (/) = X T (s*f)\ P = -r{X s * f ), hence d,/ = -X s « f \ P 
(d/)(Z) = a(Z)(/) = Z(s*(/)), hence d/ = d(s*/)Uo = S(d(s*/)). 

The isomorphism * : AG © -)■ 53 (D,,^) is given by 
with inverse 

¥ -1 ((uj,,ap) +-?(D ffo )) = («p-7rJ,(ap),S(o!p)). 

The verification of the equalities 1 I / ~ 1 o vj/ = Id£^ G and 4* o = Idsg^^) is easy, in the same spirit as 
the corresponding equalities in the following example. In [9], it is shown that 

^([^(^O^^r/fe^)) = [(X,0,(Y,r,)] 

for (X, £), (y, 77) G r(AG © A*Gr). Since the computations are long, but straightforward, we omit them 
here. 

Example 3.37 Consider a Lie groupoid G^P endowed with a closed multiplicative 2- form G Q 2 (G). 
The Courant algebroid 53 (D^) is given here by 

53(D WG ) = (Graph(^| rP : TP -»• + ker Ttj P ) / Graph (u^| T j,G : TpG -> (T P G) C 

We show that it is isomorphic as a Courant algebroid to the standard Courant algebroid Pp = TP®T*P. 
For this, consider the maps 



A : 33(D WG ) -> TP © T*P, A ( a p ) ) = {T p sv p , /3 p ), 
where (T p s)*(3 p = a p — u G (v p ), and 



A- 1 : TP © T*P -> 53(D WG ), A" 1 (u p> a p ) = (e(« p ), (Tps)*a p + ^(e(^))). 

Note that A is well-defined: if (v p ,a p ) G ^(D^) + kerTt, then i(a p ) = u G (T p tv p ) and hence i(a p — 
u! G (v p )) = i(a p ) — uJ G (T p tv p ) = p . Thus, the covector a p — uj g (v p ) can be written (T p s)*{3 p with some 
P P G T*P. (For simplicity, we will identify elements j3 p of T*P with {T p s)*/3 p G (T S G)° C T*G and v p G 



TpP with e(v p ) G T p P C T p G in the following.) Furthermore, if u p G T p G, we have A ((u p ,u} G (u p )) 
(T p su p , ui G (u p ) — u G {u p )) = (0 P , P ). The map A -1 has image in 53(D^ G ) because for any (v p , a p ) G Pp(p), 



we have 

.b 



v p , (T p 5)*a p + uj G (vp)) =Tt Up.wfeK) + (°> (r p s)*a p ) G 3tp(D Wo ) + (kerTt)p. 



Choose now p G P, (v p , a p ) G 53p(D WG ) and compute 

(A^ 1 o A) (jv p , ap)) = A -1 (TpSVp, a p - u) G (v p )) 



(TpSVp, a p - uf G {vp) + uf G (TpSVp)) 



= (v P ,a p ) + (TpSVp - v p ,uj G (TpSVp - v p )) = (v p ,a p ). 
In the same manner, if (v p , a p ) G Pp(p), we have 

(A o A -1 ) (v p , a p ) = A [{vp, a p + u G (v p ))) = (T p sv p , a p + oj g {v p ) - cJq(v p )) = (v p , a p ) 
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since v p G T p P. The equality bo A 1 = pr T p is immediate. 

Now if (X, a), (Y, fj) G r(Pp), we choose 1,7 6 such that X ~ s X, X| P = X, Y ~ s F, F| P = Y 

and we compute 



A[A~\X,a),A-\Yj)] 



:A f UJC,y],^([JC,Y]) + £x(s*/3) - £y(s*a) + ~d((s*a)(r) - (s*/3)(X)) 
: A ( Ax,y],^([X,y]) + s* (xtf - £ya + \d{a(Y) - fi{X))\X\ 



P 



[X, Y],£x(3- £ Y a + -d(a(Y) - 0{X))\ , 
and we recover the standard Courant bracket of the two sections (X,a), (Y,j3) G T(Pp). 







Example 3.38 Consider the pair Dirac groupoid (M x M M, Dm Dm) associated to a closed Dirac 
manifold (M, Dm) (see Example 13. 5p . The vector bundle 23 (Dm 6 Dm) Am is defined here by 



2*(m,m)(DjW D 



21, 



M) 



(m,m) 



;D m Dm) + {0} x T m M x {0} x T* m M 



{(%! m , a m ,0 m ) | (v m ,a m ) G D M (m)} 

for all m G M (recall that we have computed 21(Dm Dm) in Example I3.28p . Hence, we get an 
isomorphism 

n : <B(D M Dm) ->• TM x M T*M, (v m , w m , a m , Pm) ^ (w m ,M (15) 
over pr x : Am — > M, with inverse 

: TM x M T*M <B(D M D M ), H- (0 m , w m , m , m ). 



ir 



The Courant bracket on 23(Dm0Dm) is easily seen to correspond via this isomorphism to the standard 
Courant bracket on Pm = TM xjf T*M (and hence, does not depend on Dm)- 



Remark 3.39 Consider a Dirac groupoid as in Theorem 13.81 Set N := G/Gq and Q =: P/(TP n 
Go). Then the Courant algebroid TG © T*G projects under pr to the Courant algebroid TN T*N. 
We have a map Tpr : TG © Pi — > TN x^r T*N, (v g ,a g ) h-> (T g pr(u s ), ck[ 9 i), where ar g i is such that 
a 9 = (T g pr)*ar g i. By definition of the reduced Dirac structure pr(D G ) = D n , the restriction of this 
map to (2l(D G ) ©ker(Tt)| P ) n (TG © Pi) has image 2t(D„.) + (ker TtAr)|Q. Furthermore, we find that 
(v p , (T p pr)*a [p] ) G P p (D G ) + G (p) x P if and only if {T p prv p ,a [p] ) G (DJ. 

Hence, the map Tpr factors to a map 33(D G ) — > QS(D^). It is straightforward to check that this is a 
morphism of Courant algebroids. A 



3.6 Induced action of the group of bisections on 23(D G ) 

We show here how the action of G on q/qo x pi found in [10J in the Lie group can be generalized to the 
setting of Dirac groupoids. In this section, the Dirac groupoids that we consider are not necessarily closed. 
Hence, the vector bundle <B(D G ) exists, but does not necessarily have a Courant algebroid structure. 

We begin with a lemma, which will also be useful in the following section about Dirac homogeneous 
spaces. 

Lemma 3.40 Let {G=XP, D G ) be a Dirac groupoid and (v p ,a p ) G 2l p (D G ) © (ker Tt)|p for some p G P. If 
Tt(v p ,a p ) = (X^(p),e^(p)) G %(D G ), then (v p ,a p ) = (X^(p),%(p)) + (u p , (T p s)*j p ) with some u p G A p G 
and 7 P G T*P and 

((X^e^(g))*(v p ,a p ) = (X^g) +T p L g u p ,6 (i (g) + (T g s)* lp ) 
for any g G s _1 (p) and (X^,9^) G T(D G ) such that (X^,0{) ~ s (X^,9^). 
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Proof: If (v p ,a p ) G 2l p (D G ) © (kerTt)| P , then Tt(v p ,a p ) G 2l p (D G ) and hence Tt(v p ,a p ) = (X^,9^)(p) 
for some section (X^, 9^) G r(2l p (D G )). The difference (v p , a p ) — (X^, 9^)(p) = (v p , a p ) — Tt(v p , a p ) is then 
an element of (kerTt)|p and there exists 7 P G T*P such that (v p ,a p ) — (X^,9^)(p) = (u p , (T p s)*j p ) if we 
set u p = v p — Tptv p . 

Since the section (X^,9^) G r(D G ) is a pair that is a star section s-related to (X^,6^), the product 
(X^, %)(<?) * {v p , a p ) is defined for any g G s^ 1 ^). 
We compute, using a bisection K through g, 

x t(9)* v p = x dd) + t p l kv p - TpL K {Tptv p ) = X^(g) + T p L K (u p ) = X^g) + T p L g (u p ). 

For the first equality, we have used the formula proved in [31], see also [22]. 
We have also, for any v g = v g ★ (T g sv g ) G T g G 

(6t(g) * a p )(v g ) = {e^{g)-ka p ){v g -k{T g sv g )) = 9^{g){v g ) + a p {T g sv g ) 

= + ( a P ~ t{ a p))( T g sv g) = %(#)K) + ( T P 5 *J P )( T gSV g ) 

= (%(<?) + (T 9 s* 7p )) (v g ). □ 

Theorem 3.41 Let (G^P, D G ) be a Dirac groupoid. Choose a bisection K G 23(G) and consider 

r K : 2l(D G ) © kerTt| P -> <B(D G ) 

r K (v p ,a p ) = (t k{p) -iR k (v k{p) -i *v p ), {T [soK){p) Rj})* (a K{p) -i * a p )j + Il soK)(p) (D G ), 
where (v K ^-i,a K ^-i) G D G (i<C(p) _1 ) is such that 

Ts K(p)-i,%( P )-i) = Tt(v p ,a p ). 

The map rx is well-defined and induces the right translation by K, 

p K : <8(D G ) -> <B(D G ) 

(u p ,Q!p) + I^(D G ) i-> r^(u p) a p ). 

TTie map p : 13(G) x r(«8(D G )) -> r(«B(D G )) is a no/it action. 

For the proof of this theorem, we will need the following lemma, which proof is straighforward. 

Lemma 3.42 Let G^P be a Lie groupoid. Choose g,h G G and K G 13(G). Choose (v^a/J G Pc(h), 
(v g ,a g ) G P G (<?) such that Ts(v g ,a g ) = Tt (vh,tth)- Then 

T g + h R K (v g * v h ) =v g * (T h R K v h ) (16) 

and 

a 9 * ((TrkWRr 1 )* a h) = { T R K (9*h)R^y (a g *a h ). (17) 

Proof (of Theorem 13.411) : First, we check that the map rx is well-defined, that is, that it has image 
in 23(D G ) and does not depend on the choices made. 

Choose p G P, (v p ,a p ) G 2l p (D G ) © (kerTt) p and K G 23(G). Set K(p) = g. Since the map rx is 
linear in every fiber of 2l(D G ) © (kerTt)|p, it suffices to show that the image of (0 p ,0 p ) is P^(D G ) for 
any choice of (v g -i,a g -i) G D G (g _1 ) such that Ts(v g -i,a g ~i) = (0 P ,0 P ) to prove that it is well-defined. 
Using (fTSj) and (fT7|) . we get 

T g -iR K (v g -i -kOp) = Vg-i -k (T p R K 0p) = Vg-i -kO g 
(a g ~i -kOp) oT s ^R K - 1 = a g -i * (0 P o T g R K -i) = a g -i *0 g . 
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Thus, we have shown that 

r K (0 P ,0 P ) = (v g -i,a g -i)*(O g ,Q g ) G D G (s( 5 )) D ker Ts = / S S (9) (D G ) 



Choose next (v p ,a p ) G 2l(D G ) © (kerTt)|p such that (v p ,a p ) G Ip(D G ), that is, such that (v p ,a p ) = 
in <B P (D G ). Choose (t> 9 -i , a g -i) G D G (g _1 ) such that Ts(u„-i, a g -i) = Tt(v p ,a p ). Then we have 
T g -iRK{v g -i *Vp) = T g -iRK(v g -i * v p ★ p ) = f g - 1 *t>p*0 9 , since T p sv p = 0. We have also s(a p ) = 0, 
and by ([TTjk 

(^(ff)^ 1 )*^- 1 *°p) = (^(s)^ 1 )*^" 1 *« P *0p) = a fl -i *a p *0 g . 
Thus, r K (v p ,a p ) = (v g -i , a g -i) * (v p , a p ) * (0 g , g ) G (Dg)- The map p K ■ <B(D G ) -> Q5(D G ) i 



is 



consequently well-defined. 

We show now that p : ®(G) x <B(D G ) — > <B(D G ) defines an action of the group of bisections of G^P 

on r(QS(D G )). 

Choose K,L G 23(G), p G P and (vp,a p ) in <B P (D G ). Set i?(p) = g and choose a pair (u fl -i,a g -i) G 
D G (g _1 ) such that Ts(« g -i,a ff -i) = Tt(v p ,a p ). Set also ft. := L(s(g)) and choose (w h -i, (3 h -i) G D G (/i _1 ) 



such that Ts(w^-i, (3 h -i) = Tt (u g -i, a g -i). Then we have (K*L)(p) = g*h and we compute, using ([16 
and CCD: 



PL (pk ({v p ,a p )yj 

PL (( T g- lR K, ( T s( 9 )^x)*) ([Vg-^Ug- 1 ) *K>«p))) 



= {T( 9 *h)-iRK*L, (T s( g+ h) R K \ L )*) ((w h -i,p h -i)*(v g -i,a g -i)*(vp,atp)) + / s s (/l) (D G ) 

= Pk*l (iy p ,a p )\ 

since (w h -i, fi^-i) ★ (w 9 -i,a g -i) is an element of D G ((g * ft) -1 ) satisfying 

Ts((w h -i,/Vi)*(u 5 -i,a!<ri)) = Ts (^g- 1 ^- 1 ) = 0p>«p)- 

□ 

Example 3.43 Consider a Poisson groupoid (G=£P, 7r G ). We will compute the action of the bisections 
2(G) on <B(D^ G ) ~ AG © A*G. 

Choose if G 2(G), p G P and ¥(X(p),f(p)) G <Bp(D^ G ), (X(p),£(p)) G A P G x A;G (recall that * has 
been defined in Example I3.36p . If K(p) = g and 6^ G r2 x (G) is a star section that is s-related to £, then 
px(^(X(p),^(p))) is given by 



p K (9{X(p),t(p))) = (T g - lj R i ,(4(%( 5 - 1 )) + ^( 5 - 1 )) ) ((^ 1 )*%)(s( ff )) 
and corresponds to 

(tf^op* o¥)(X(p),£(p)) 

= (r^^^Gr 1 )) + x'or 1 )) - 4( W 1 )*^^)))^ (((fl* 1 )***)^)))) 

= (r p (L g -i ° + Tg-.RK^e^g- 1 ))) - 4((i?^)*^(s( 5 ))), 

(T^L.oi^))*^))- 



Note that by the general theorem, this does not depend on the choice of 0%. In the case of a Poisson Lie 
group, we recover the action of G on the Lie bialgebroid, see [7j. In the case of a trivial Poisson groupoid, 
i.e., with 7r G = 0, this is simply the pair of maps on AG and A*G generalizing Ad and Ad* in the Lie 
group case. 
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Example 3.44 Consider a Lie groupoid G^P endowed with a closed multiplicative 2- form log £ ^ 2 (G). 
We will compute the action of the bisections on 93 (D^) ~ TP © T*P. 

Choose a bisection if G 2>(G), a vector A -1 (?; p ,a p ) = (v p , (T p s)*a p + lo g (v p )) G 93 P (D^ G ), (f p ,a p ) € 
Pp(p) (recall Example I3.37|) and set K(p) = g G G. Then we have 

Tt(« p , (T p s)*ap + ^(u,,)) = (fp.w^wp)) G a„(D WG ). 

Hence, any vector G T g -iG such that r g -isu g -i = u p leads to (v g -i,oo G {v g -i)) G D WG (u s -i) and 
¥5(^,7^(^-1)) = Tt{v p ,(T p s)*a p + J G (v p )). 

The vector (A _1 (t> p , a p )) G 93 S ( 9 )(D WG ) is then given by 

p K (A7 l (y p ,a p )) 

= (T g -iR K {v g -,*v p ), (T^R^Y (^( V )* (Cr p s)*a p + J G (v p j))) 
= (T^RKVg-i^T^R- 1 )* (4( V + (T p -is)*Op)) . 

Thus, we get 

(Aop x oA _1 )(tip,a p ) 
= ^T ff -i (so 22^)^-1, (Tg^iJ^ 1 )* (w^-i) + (T g -is)*a p ) (T fl -ii? x u fl -i) J 

= (T P ( S o K)v p , (T s(9) (s o if)" 1 )* a p + (T^i^ 1 )*^^) - ^ (Tg-iRKVg-i)) . 

Again, by the general theorem, this does not depend on the choice of v g -i. In the trivial case log = 0, 
is simply the map (T(s o if), (T(s o if) -1 )*) induced by the diffeomorphism s o if on Pp. 

Example 3.45 Let (M, D) be a smooth Dirac manifold and consider the pair Dirac groupoid (M x 
M^M,DqD) associated to it. The set of bisections ofMxM^Mis e qual to S(M x M ) = {Id M } x 
Diff(M). Choose K = (Id M ,<j> K ) G S(M x M), p := (m,m) G A M and (v m , w m , a m , f3 m ) G 93 P (D M G 
Dm)- Then /?m) = (^m, a m , — a m ) G 21 p (Da/ Dm )• Set n := 0jf(m). Then 

we have if(p) _1 = (n,m) and (0 n , v m , n , -a m ) G (D M © D M )(n,m) is such that ¥s(0 n , v m , 0„, -a m ) = 

V^m; ^m> "mi Q?m) — ¥t(f m , W m , O m , f3 m j. 

The vector px ( (w /3 m )j is thus given by 



Pm)) = (T^ m ^R K (0 n ,w m ), (T M R K )*{0 n ,p m )) 

= {Q n ,T m 4> K w m ,Q n , (Tncj)- 1 )* (3 m ) . 

Recall that 93(Dm Dm) is isomorphic to Pm via (US]). It is easy to see that the action of 23(M x M) on 
5S(Dm Dm) corresponds via this identification to the action of Diff(M) on Pm given by <f> ■ (v m , a m ) = 
(T m (j)v m , (T ?i ( m) 0~ 1 )*Q m ) for all (p G Diff(M) and (y m ,a m ) G Puim). 

4 Dirac homogeneous spaces and the classification 

In this section, we show that the Courant algebroid found in Section [3] is the right ambient Courant 
algebroid for the classification of the Dirac homogeneous spaces of a Dirac groupoid. 

We prove our main theorem (Theorem 14. 17j) about the correspondence between (closed) Dirac homoge- 
neous spaces of a (closed) Dirac groupoid and Lagrangian subspaces (subalgebroids) of the vector bundle 
(Courant algebroid) 93(Dg). This result generalizes the result of [7] about the Poisson homogeneous 
spaces of Poisson Lie groups, of [18] about Poisson homogeneous spaces of Poisson groupoids and the 
result in [10] about the Dirac homogeneous spaces of Dirac Lie groups. To be able to define the notion of 
a homogeneous Dirac structure on a homogeneous space of a Lie groupoid, we have to prove the following 
proposition. The proof is straightforward and will be omitted here. For more details, see [5]. 
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Proposition 4.1 Let G^P be a Lie groupoid acting on a smooth manifold M with momentum map 
J : M — > P. Then there is an induced action ofTG^ TP on TJ : TM — > TP. 

Assume that M ~ G/H is a smooth homogeneous space of G and let q : G —> G/H be the projection. 
The map J : T*(G/H) -> A*G, l(a gH ) = i((T g q)*a gH ) for all gH G G/H is well-defined and 8 : 
T*G x A « G T*(G/H) -> T*(G/H) given by 

($(a gl ,a gH )^ (Ttf tgir) $(vg/,VgH)) = ety(v) + ® g H{v gH ) 
defines an action ofT*G^A*G on J : T*(G/H) -»■ A*G. 
In the following, we write a g ■ a g >H for ay.ff). 

Corollary 4.2 If G/H is a smooth homogeneous space ofG^P, there is an induced action T<3? = (T<3?, <3?) 
o/ 

(TG T*G) ^ (TP A*G) 

on 

TJ := TJ x J : (T(G/H) x G/H T*(G/H)) -> (TP © A*G). 

We will show that the following definition generalizes in a natural manner the notion of Poisson 
homogeneous space of a Poisson groupoid. 

Definition 4.3 Let (G=}P, D G ) be a Dirac groupoid, and G/H a smooth homogeneous space of G^P 
endowed with a Dirac structure D G / H . The pair (G/H,D G / H ) is a Dirac homogeneous space of the 
Dirac groupoid (G=tP, D G ) if the induced action of {TG © T*G) =4 (TP © A*G) on TJ : (T(G/H) x G/H 
T*(G/H)) -> (TP®A*G) restricts to an action of 

D G =*2l(D G ) on TS\ Dg/h : D G/H ->8l(D G ). 

Let (G, D G ) be a Dirac Lie group and H a closed connected Lie subgroup of G. Let G/H = {gH \ 
g G G} be the homogeneous space defined as the quotient space by the right action of H on G. Let 
q : G — > G/H be the quotient map. For g G G, let o g : G/H — > G/H be the map defined by 
a g (g'H) = gg'H. 

Proposition 4.4 Let (G, D G ) be a Dirac Lie group and H a closed connected Lie subgroup of G. Let 
G/H be endowed with a Dirac structure D G / H . The pair (G/H, D G / H ) is a Dirac homogeneous space of 
(G, D G ) if and only if the left action 

a:Gx G/H -> G/H, a g (g'H) = gg'H 

is a forward Dirac map, where G x G/H is endowed with the product Dirac structure D G D G /#. 

Example 4.5 Consider a Poisson homogeneous space (G/H,ir) of a Poisson groupoid (G^P,tt g ), i.e., 
the graph Graph(<3?) CGx G/H x G/H is a coisotropic submanifold (see |18j). 

Consider the Dirac groupoid (G^P, D^) defined by (G^P, ir G ) and the Dirac manifold (G/H, D G / H ), 
defined by D G/H = Graph(^ : T*(G/H) -> T(G/H)). The verification of the fact that (G/H, D G/H ) is 
a Dirac homogeneous space of the Dirac groupoid (G^P, D na ). 

Conversely, we show in a similar manner that if T<I> restricts to an action of D 7TG on D,,-, then the graph 
of the left action of G on G/H is coisotropic. 

Example 4.6 Let (G^P, uj g ) be a presymplectic groupoid and H a wide subgroupoid of G^P. Assume 
that G/H has a smooth manifold structure such that the projection q : G — > G/H is & surjective 
submersion. Let w be a closed 2-form on G/H such that the action $ : G © (G/H) — > G/H is a 
presymplectic groupoid action, i.e., $>*d = pr G ^ H uj + pr G u G [2j. Let D w be the graph of the vector 
bundle map : T(G/H) T*(G/H) associated to cj. It is easy to check that the pair (G/H, D w ) is a 
closed Dirac homogeneous space of the closed Dirac groupoid (G^P, D^), see Example 13.31 

Example 4.7 Let (G^P, D G ) be a Dirac groupoid. Then (t : G —¥ P, D G ) is a Dirac homogeneous space 
of(G=*P,D G ). 
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4.1 The moment map J 

In the Poisson case, if (G/H, D g /h) is a Poisson homogeneous space of a Poisson groupoid (G^P,tt g ), 
then the map J : Gj H — > P is a Poisson map (see [IE]). This is also true here under some regularity 
conditions on the characteristic distributions of the involved Dirac structures. 



Theorem 4.8 Let (G^P, D G ) be a Dirac groupoid such that Theorem 3.17 holds and (G/H,Dg/h) a 



Dirac homogeneous space of (G=$P, D G ). Assume that the map J| G g/h : C>o G ^ H — Go n TP is surjective 
in every fiber, where G Q G / H ^s the characteristic distribution defined on G/H by E*g/h- Then the map 
J : (G/H, D G /p) ^ {P-i Dp) is a forward Dirac map. 

Proof: Choose (v p ,a p ) G Dp(p), for some p £ P and gH G G/H such that t(g) = p. Then there 
exists w p G TpG and u p G Go(p) n T p P such that (w p , (T p t)*a p ) G Ip(D G ) and v p = u p + T p tw p . Since 
Ts(w p , (T p t)*a p ) = (0 P , P ), and D G acts on D G /h, w e find that (w p , (T p t)*a p ) ■ (0 9 p,0 9 p) G D G/H (gH). 
We have w p ■ 9 p = T p (q o R g )w p and, for all v 9 h G T g n(G / H): 

$ ((rpt)*ap,O g// ) = $ ((Tpt)*a p ,0 9 H) (T gH JvgH ■ v gH ) 

= ((T p t)*a p )(Tg H S(vg H )) +0 gH (v gH ) 
= a p (T gH (t o J)u gH ) = a p (T gH ] v gH ) = ((T gH J)*a p )(vg H ). 

Thus, we have shown that (T p (qo R g )w p , (T g H-i)*a p ) G D g /h(9H). We have T g H^(T p (qo R g )w p ) = T p (So 
qoR g )w p = T p (to Rg)w p = T p tw p = v p — u p . Choose u 9 h G 0>q G ^ h (gH) such that T g #J(it 9 #) = w p . Then 
the pair (T p (g o i? 9 )u;p + u 9 p, (T gH ])*a p ) G D G / H (9 H ) is such that T s # J (T p (g o i? 9 )u;p + u gH ) = v p . □ 

4.2 The homogeneous Dirac structure on the classes of the units 



Let G^P be a Lie groupoid and G/H a smooth homogeneous space of G^P endowed with a Dirac 
structure D g /h- Consider the Dirac bundle 35 = C[*(Pg/h)\p C P G |p over the units P. More explicitly, 
we have 

3(v pH ,a pH ) G D G/H (pH) such that 
a p = (T p q)*a pH and T p qv p = v pH 

for all p G P. 



©(p) = | («p, op) gt p gxt;g 



(18) 



Proposition 4.9 Lei {G=$P, Dg) be a Dirac groupoid and (G/H, D g /h) a Dirac homogeneous space of 
(G^P, Dg). Then 35 C P G | P defined as in (JTBJ satisfies 

I S (D G ) CD C2l(D G )e(kerTt)| P . (19) 

Thus, the quotient 25 = 35// s (D G ) is a smooth subbundle o/Q3(D G ). We /iai>e 6y definition AH(B{0} Q 35. 

Proof: Choose p £ P and (u p ,a p ) G Ip(D G ) = D G (p) nkerTs. Then Ts(vp,ap) = (0p,0 p ) and the 
product (fp, Op) • (Op//, p h) makes sense. Since (0p#, p h) G D g /h(pH), we have then (T p qv p , a p ■ p h) = 
(v p ,a p ) ■ (0 p h,0 p h) G D G /h(j>H). But a p -0 pH is such that (T p g)*(ap • p p) = a p * ((T p q)*O pH ) = a p , and 
we have hence (v p ,a p ) G 35 (p) by definition of 35. 

The inclusion I S (D G ) C 35 yields immediately 35 = 35 x C (P(D G )) ± = D G \p + (kerTt)| P = 2l(D G ) 
(kerTt)| P . □ 

Theorem 4.10 Let (G^P,D G ) be a Dirac groupoid and 35 a Dirac subspace of P G |p satisfying (fT9|) . 
T/ien i/ie set D = D G • 35 C P G defined by 



D (f) = |(«fl>«p)*(«s(5)!«s( fl )) 

is a Dirac structure on G and (G, D) is a Dirac homogeneous space of (G^P, D G ). 



(vg,a g ) G D G (#), 
K( 9 ),a s ( 9 )) € 35(s( 5 )), 
Ts(v 9 ,a g ) = Tt(u s(g ),a s(g )) 
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Note that D G H kerTs C D by construction: for all (v g ,a g ) G D G (c/) Pi kerTs, we have Ts(v g ,a g ) = 
(0 s (g),0 s (g)) G £(s(») and hence (v g ,a g ) = (v g , a g ) * (0 s(9 ), s(9) ) G D(p). 

Proof: By Lemma I3.40| D is spanned by sections £ + a 1 such that £ + cr is a section of 35 (with 
£ G r(2l(D G )) and cr G T((ker Tt)|p) ) and all the sections of D G H kerTs. This shows that D is smooth. 

Choose {vg,a g ) * (w s ( ff )j«s(ff)) and (w g ,Pg) * (.w s ( g ), Ps(g)) G D(#), that is, with 
(v g ,a g ),{wg,Pg) G D G (#) and (u s ( s )> "s( 9 )) 5 (w s ( g ), Ps(g)) G S)(s(g)). We have then 

((Vg,Olg)* (f S ( a ) , « s ( ff ) ),(Wg,Pg)* (W s (g) , P s (g) ) } 

= a s (w s ) + a s(ff) (w s(ff) ) + + /3 s(s) (u s(p) ) 

= ((vg,a g ),(w g ,P g )) + ( (v s{g) , a s(ff) ) , (w s(s) , /3 s{9 ) ) } = 0. 

This shows D C D -1- . 

For the converse inclusion, choose (w g ,P g ) G D(c/)^. Then 

(w g ,Pg) G (D G ( 5 ) n kerTs) 1 = (D G + ker Tt)(g) 

and consequently, we get the fact that Tt(w g ,P g ) G Tt(D G (g)) = 2l t ( 5 )(D G ). We write t(g) = p and 
Tt(u; g ,/3 ff ) = £(p) for some section £ G r(2l(D G )). Consider a section £ G r(D G ) such that £ ~ s £. Then 
we have for all (v s r g \ , ce s r g \ ) G S)(s(^)) and (v g ,a g ) G D G (c/) such that Tt(iw a ) , a s ( a ) ) = Ts(v g ,a g ): 

(tig^ 1 ) * (Wg,Pg), {V 5{g) ,a s{g) ) ) = (^(fT 1 ) * (Wg,Pg), (Vg, Ug)^ * (v g , Otg) * (v <g) , O^g) ) ) 

= ((w g ,Pg), {v g ,a g ) * («s(fl))«s(5))) + K,a 9 ) _1 ) 
= 0, 

since (v g ,a g ) * (^ s (g)> a s(g)) G D(c/) and (u 5 ,a 9 ) _1 G D G (c/ _1 ). This proves that 

^GT 1 ) * K,/3 S ) G ©(s^)) 1 = 2)(s( 5 )), 
and hence, if we write Zig' 1 ) * P g ) = (w s ( s ), /3 s (g)) G 3)(s(ff)), 

OsA) = *(w s ( s ), &(<?)) G D(#). 

The second claim is obvious since the restriction to D of the map TJ has image in Tt(D G ) = 2l(D G ) 
and, by construction of D, the map D G x 21 ( Dg ) D, ((v g , a g ), (v/j, ah)) i-> (v g ,a g )-k(vh,ah) is a well-defined 
Lie groupoid action. □ 

Theorem 4.11 In the situation of the preceding theorem, if 2) is the restriction to P of the pull- 
back q*(DQ/ H ) (as in (fT8|) ) for some Dirac homogeneous space (G/H,D G / H ) of (G^P,Dq), then D = 
?*(D g /h). 

Proof: Choose (v g ,a g ) G q* (D G /#) (fi 1 )- Then q 9 is equal to (T g q)*a g H for some a g n G T* H (G/H) 
such that (T g qv g ,a g H) G D G / H (gH). Then TJ(T 9 6/t> s , a 9 #) = Tt(u s ,a s ) G 2l t ( 9 )(D G ) and there exists 
(w g -i, P g -i) G D G (c/ _1 ) such that 

Ts(u; 9 -i,/3 g -i) = TJ(T 9 c/t; 9 ,a 9 //). 

Set p = s(<?) and consider (u p h,^ p h) '■= (w g -i , P g -i) ■ (T g qv g ,a g H) G Dq/ h (pH). Then we have 

(T p q)*j pH = Pg-i * {(T g q)*a gH ) = P g -i * a g 

by Proposition O about the action of T*G=$A*G on J : T*(G/H) -> and 

n p H = • (T 9 gt> 9 ) = T( g -i tgH )<$>(w g -i,T g qv g ) = T p q(w g -i * v g ). 

Thus, (n p ,7p) := (w g -i, P g -i) * (v g ,a g ) is an element of and we have (v g ,a g ) = (w g -i, P g -i) * 

(u p ,7p). Since D G is multiplicative and (w g -i, P g -i) G D G (c/ _1 ), the pair (tDg-ij/Jg-i)" 1 is an element of 
D G (g) and we have shown that (v g ,a g ) G D(g). 

Since q*(&G/H) C D is an inclusion of Dirac structures, we have then equality. □ 
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Remark 4.12 Note that Theorem 14 . 1 1 1 shows that if (G^P, D G ) is a Dirac groupoid, a D^-homogeneous 
Dirac structure on G/H is uniquely determined by its restriction to q(P) C G/H. A 

Example 4.13 We have seen in Example 14 . 71 that if (G=tP, D G ) is a Dirac groupoid, then (t : G — >■ P, Dq) 
is a Dirac homogeneous space of (G^P, Dq). 

The space 2) is here the direct sum I S (D G ) © 21(Dq). The corresponding Dirac structure D is equal to 
Dc by the last theorem. This can also be seen directly from the definition of D, since D is spanned by the 
sections (Xg, 6^) for (X^,9() G T(QI(Dg)) and the sections a T for all a G r(I s (Dc)), which are spanning 
sections for Dq. 



4.3 The Theorem of Drinfel'd 

Recall that if (G=$P, Dq) is a Dirac groupoid, then there is an induced action of the set of bisections 23(G) 
of G on the vector bundle *B(Dq) associated to Dq (see Theorem 13. 4ip . If H is a wide Lie subgroupoid 
of G^P, this action restricts to an action of 15(H) on 03 (D^). We use this action to characterize 
Dc-homogeneous Dirac structures on G/H. 

Theorem 4.14 Let (G^P,D G ) be a Dirac groupoid, H a t-connected wide subgroupoid of G such that 
the homogeneous space G/H has a smooth manifold structure and q : G — >■ G/H is a smooth surjective 
submersion. Let T> be a Dirac subspace of Pq\p satisfying (|19|) and such that AH © {0} C D. Then the 
following are equivalent: 

1. 2) is the pullback q*(D G /fj)\p as i> n (|18|) . where Dq/h is some Dq -homogeneous Dirac structure on 
G/H. 

2. 2) = T>/L s (Dq) C !B(Dg) is invariant under the induced action ofB(H) on *B(Dq). 

3. The Dq -homogeneous Dirac structure D = Dq ■ D C Pq as in Theorem \4-HJ\ pushes-forward to a 
(Dq -homogeneous) Dirac structure on the quotient G/H. 

Note that, together with Theorem 14.111 this shows that a Dirac structure Dqjh on G/H is D^- 
homogeneous if and only if L s (Dq) C (q*D G / H )\p and q*D G / H = Dq ■ (q*D G / H )\p, that is, (G/H, D G i H ) 
is (G=iP, DGr)-homogeneous if and only if (G,q*D G / H ) is. 

For the proof of Theorem 14.141 we will need the following Lemma. 

Lemma 4.15 In the situation of Theorem \4.1u\ we have D = D\p. 

Proof: Choose p € P and (v p ,a p ) G T>(p). Then Tt(v p ,a p ) G 2l p (D G ) C D G (p) and (v p ,a p ) = 
Tt(v p , a p ) * (v p ,a p ) G D(p). This shows D C D|p and we are done since both vector bundles have 
the same rank. □ 

PROOF (of Theorem 14.141) : Assume first that D = Q*(Dq/h)\p f° r some 

Dc-homogeneous Dirac structure D G / H on G/H and choose K G "B(H) and (v p ,a p ) G T)(p), p G P. 
Then there exists a p n G T* H (G / H) such that a p = (T p q)*a p H and (T p qv p , ol p h) G D G j H (pH). If we set 
K(p) =: h G H and write (f p ,a p ) for (v p ,a p ) + /^(Dg) G !D(p) C < 3 p (D G ), we have 

(iv p ,ap)) = {T h -iR K (v h -i*Vp),(T s Q l) K£)*(a h -i*ap)) + I s s{h) (D G ) 

for any (^-1,0^-1) G Dg(/i~ 1 ) satisfying Ts(v h -\,a h -i) = Tt(t> p ,a p ). Since 

TJ(T p gUp,a pjH -) = Tt(v p ,a p ) = Ts(v h -i , a h -i) , 

the product (17^-1,0^-1) • (T p qv p , a p n) makes sense and is an element of D G / H (s(h)H). Note that 
since K G "B(H), we have q o Rk = q. The pair (T h -iRK(v h -i -k v p ),(T s ^R'^ 1 )*(a h -i * a p )) satisfies 
Ts(h)q( T h- lR K(v h -i*Vp)) G T s{h)H (G/H), 

T s(h)Q( T h- lR K(v h -i *v p )) = T h -i(q o R K )(v h -i *v p ) = T h -iq(v h -i * v p ) = v h -i ■ (T p qv p ) 
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and 

(T s{h) R^)*(a h -i ka p ) = (T s ^R^)*(a h -i * (T p q)*a pH ) 

= (TsQ^Rk 1 )* ((T h -iq)*(a h -i • a pH )) = (T^q)* (a h -i ■ a pH ). 

Thus, (T h -iRK(v h -i-kv p ), (T s (fyKJ^)* {a h -i*a p )) is an element of 3?(s(/i)) and px ((v p , a p )^ is an element 
of £>(s(h)). This shows (1) =► (2). 

Assume now that 2) is invariant under the action of 23 (H) on 03 (D G ). Recall the backgrounds about 
Dirac reduction in Section [2JZJ Set % = 'K © t *g, and hence % L = TG® l K°. 

We have AH © {0} C 23 by hypothesis. By definition of D and Jf, this yields immediately = 
Ji © {0} C D, hence D C and D n %^ = D has constant rank on G. By ([7]), we have to show 
that D is invariant under the right action of 'B(H) on G. We will use the fact that D is spanned 
by the sections a r G T(D G n kerTs) for all a G T(7 S (D G )) and + (X l ,s*a) for all sections 

+ (X, (s*a)\ P ) G C r(2l(D G ) © (ker¥t)| P ). 

Choose -fT G "B(H). It is easy to verify that 

(7^,^(1*7)) = (Z r ,t* 7 ) for all (Z, (t* 7 )| P ) G T(ker Ts| P ). 

Choose a section (X{,0{) + s*a) of D. We want to show that (R* K (X^ + X l ),R* K (0£ + s*a)) is then 
also a section of D. Choose g G G and set for simplicity h = K(s(g)) G H, p = s(h), q = t(h) = s(g) and 
(X^ + X,^ + s*a)(p) =: («p, 7p ) G D(p). Then + (X* 5 s*a)) (g*h) = (X^)(g*h)* (up,-y p ) 

and we can compute 

(R* K (Xt + X l ),R*K(0$ + s*<*)) (9) 
= (Tg^BtfiXt + X l )(g * h), (T g R K )*((0^ + s*a)(g * /»))) 
= {Tg^ 1 (Xt:(gh)*u p ) , (T 9 i?^)* {0 6 {gh) * 7p )) . 

Choose (v g ,a g ) G D G (g) such that Tt(u s ,a 9 ) = Tt(X^(gh),9^(gh)). Then the product (wh,ah) := 
{v g: a g )~ l * (X^(gh),6^(gh)) is an element of D G (/i) such that Ts(iOft, a^) = and we have 

(i?HX c + X'),i^ + s*a)) (5) 
=(v g ,a g ) -k {T h Rj> (vg 1 -k X(.(gh) -k u p ) , (T g R K )* (a~ 1 * 6^(gh) -k 7p )) 
=(v g , otg) -k (ThR^ 1 (w h -k u p ) , {T q R K )* (j3 h * 7p )) . 

But since 23 is invariant under the action of "B(H) on 53(D G ) and (w p ,7 p ) = (w P ,7p) + /|(D G ) is an 
element of J)(p), we have 

(T^ 1 K*u p ) , (T q Rx)* (Ph*J P )) + I s q (D G ) = Pk-^ (K,7p)) G ©(?)■ 
Because Ig(D G ) C 23(g), we have consequently 

(T^ 1 * n p ) , (T g i?^)* -k 7 p )) G 23(g) 

and hence 

+ X'), + s*a)) (<?) = a,) * (T^ 1 K * u p ) , (TgRx)* (f3 h k 7p )) G D(«?) 

since (v g ,a g ) G D G (#). 

We show then that the push-forward q(D) is a D G -homogeneous Dirac structure on G/H. By def- 
inition of TJ, we have TJ(g(D)) = Tt(D) C Tt(D G ) = 2l(D G ). Choose (v gH ,a gH ) G q(D)(gH) and 
(w g i,/3g/) G D G (</) such that Ts(uy, /3 S /) = TJ(u 9 j7, a g u)- Then there exists u ff G T g G such that 
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T g qv g = v gH and (v g , (T g q)*a gH ) G D(g). The pair (v g , (T g q)*a gH ) satisfies then Tt(v g , (T g q)*a gH ) = 
TJ(vgH,a g H) = Ts(w g i, /3 g i) and since (G, D) is a Dirac homogeneous space of (G=$P,Dq), we have 
(wg',P g >) * (v g ,(T g q)*a gH ) G D(#' ★ g) and the identities (T g/ * g q)*((3 g/ ■ a gH ) = P g > * (T g q)*a gH and 
Tgi* g q(wgi * v g ) = w g i ■ (T g qv g ) = w g i ■ v g H- Thus, the pair (w g i,f3gi) ■ (v g H,a g H) is an element of 
q{D){gg' H) and (/(D) is shown to be D^-homogeneous. Hence, we have shown (2) (3). 

To show that (3) implies (1), we have then just to show that the vector bundle 35 —> P is the restriction 
to P of the pullback q*(q(D)). Since D|p = 35 by Lemma 14.151 we can show that D = q*(q(D)). This 
follows from the inclusion !K © Ot*g Q D- Choose (v g ,a g ) G D(g)- Then a g G Thus, there exists 

a 9 H G T* H {G / H) such that a 9 = (T g q)*a g H and, by definition of (/(D), the pair (T g qv g , a g n) is an element 
of q(D)(gH). But then (w 5 ,a 5 ) G g*(g(D))(g). Conversely, if (v ff ,a fl ) G <f (<?(D))(#), then a g = (T g q)*a gH 
for some a g n G T* H (G/ H) satisfying (T g qv g , a g n) G q(D)(gH). By definition of q(D)(gH), there exists 
then u 3 G T g G such that (u g , (T g q)*a g fi) = (u g ,a g ) G D(g) and T g qu g = T g qv g . But this yields that 
v g - u g G J%) and hence (v g ,a g ) = (u g ,a g ) + (v g - u g ,0 g ) G D(g) + (JCfo) x {0 g }) = D(g) since 
CK(g) x {0,}) C DO/). □ 

Theorem 4.16 Let (G^P, Dq) be a closed Dirac groupoid. In the situation of the previous theorem, the 
following are equivalent 

1. The Dirac structure (/(D) = &g/h ^ s closed. 

2. The Dirac structure D is closed. 

3. The set of sections of 35 C 23 (D G ) is closed under the bracket on the sections of the Courant 
algebroid 23 (D G ). 

Proof: If D is closed, then (/(D) is closed by a Theorem in |32] about Dirac reduction by foliations (see 
the generalities about Dirac reduction in Section |2.2|) . Conversely, assume that (/(D) is closed. Since 
D C TG © "K° and by the proof of Theorem 14.141 the Dirac structure D is spanned by (/-descending 
sections, that is, sections (X, a) such that a G T(!K ) and R* K (X,a) = (X, a) for all K G "B(H). Choose 
two descending sections (X, a),(Y, f3) of D. Choose (X,a),(Y,(3) G r(</(D)) such that (X, a) ~ g (X, a) 
and (Y,/3) ~ g (Y,(3). Then the bracket [(X, a), (Y,f3)] descends to [(X,a), (Y,/3)] which is a section of 
(/(D) since (G/H,q(D)) is closed. But since "K © 0t*g Q D, we have D = q*(q(D)) (recall the proof of 
Theorem EHD. Since [(X, a), (Y, j3)] is a section of q*(q(D)), we have shown that [(X, a), (Y, /?)] G T(D). 
This proves (1) -<=/• (2). 

Assume that (G, D) is closed and choose two sections e£,x,a = + X,9f.+ s*a) + P(Dq), &ri,Y>P = 
{X ri + Y,6 ri + s*P) + F(D G ) of 33 C Q5(D G ). Then the two pairs (X i + X l t 9(+s*a),(X v + Y l ,9 v +s*P) are 
smooth sections of D by construction and since (G, D) is closed, we have [{X^+X l , 9^+s*a), (X v +Y l , 9 V + 
s*/3)] G r(D). But since 3? = D| P and [e^ x , a ,e v ,Y,p] = [(X^+X l ,9^+s*a),(X v +Y l ,9 v +s*^)}\ P +I s (D G ), 
this yields [e^x^e^Yfi] G r(35). 

Conversely, assume that r(S5) is closed under the Courant bracket on sections of *B(Dc) and choose 
two spanning sections (X^ + X l ,9^ + s*a), (X v + Y l ,9 v + s*/3) of D corresponding to (X% +X,0£ + s*a\p) 
and (X v + Y,9 V + s*/3\ P ) G r(35) C T(2l(D G ) © (ker Tt)| P ). Since [e$ jX ,a, e v ,Y,p\ is then an element of 
T(35) and I S (D G ) C 35, we have 

[(X^ + X\ % + s*a), (X„ + y J , ^ + s*(3)]\p e r(35) 

by definition of the bracket on the sections of Q3(Dg). By Theorem 13.291 Lemma [3 . 40 1 and (|13p . the value 
of [(X c + X', ^ + s*a), (X^ + Y l , 9 V + s*/3)] at 5 G G equals 

(([(X ? , %), (X^, ^)] + L XV - £ Y (g))* 

([(X ? + X\ 9^ + s*a), (X„ + Y\ V + s*/?)](s(</))) 
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and we find that [(Xg + X 1 ,9^ + s*a), (X ri + Y l ,9 ri + s*/3)] is a section of D, since the first factor is an 
element of D G (g) and the second an element of 35 (5(5)). Recall also that, by the proof of Theorem 13.351 
we know that [(X^ + X l ,6^ + s*a), a r ] G T(D G n ker Ts) for all a G r(/ s (D G )). Finally, since D G is closed, 
we know that [01,02] e ^(Dg) for all 01,02 E r(Dc fl kerTs). Thus, by the Leibniz identity for the 
restriction to T(D) of the Courant bracket on Pq, we have shown that (G, D) is closed. □ 

As a corollary of the Theorems 14.101 BJH BJ31 and 14.161 we get our main result, that generalizes the 
correspondence theorems in [7], [18] and [TO]. 



Theorem 4.17 Let (G=}P, D G ) be a Dirac groupoid. Let H be a wide Lie subgroupoid of G such that the 
quotient G/H is a smooth manifold and the map q : G — ^ G/H a smooth surjective submersion. There is 
a one-one correspondence between D G -homogeneous Dirac structures on G/H and Dirac subspaces T> of 
P G \p such that AH x {0} + L S (D G ) CDC 2l(D G ) © (kerTt)| P and £> := D/F(D G ) is a 'B(H) -invariant 
Dirac subspace of%$(D G ). 

If (G^P, D G ) is closed, then closed D G -homogeneous Dirac structures on G/H correspond in this way 
to Lagrangian subalgebroids S> of*B(D G ). 

Remark 4.18 Assume that (G^P, D G ) is a closed Dirac groupoid, T> C P G \p a Dirac subspace satisfying 
(fT9|) and AH x {0} C D for some t-connected wide Lie subgroupoid H of G^P, and such that D / I S (D G ) C 
*3(D G ) is closed under the bracket on *3(D G ). It is easy to check (as in the proof of Theorem I4.16P that 
we have then [(X 1 , 0), (X, a)) 6 T(D G ■ D) for all (X,a) G T{D G ■ D) and X G T(AH). Since H is 
t-connected, we get then the fact that (R* K X, R* K a) G T(Dg • T>) for all bisections K G ^>{H) and the 
Dirac structure D G ■ D projects to a Dirac structure on G/H, that is D^-homogeneous. The quotient 
D/I S (D G ) is then automatically invariant under the induced action of the bisections ^>{H) on *B(D G ) and 
this shows that the condition 2 of Theorem 14.141 is always satisfied if D G is closed, D/P(D G ) is closed 
under the Courant bracket on sections of %$(D G ) and H is t-connected. A 

Example 4.19 In [18], it is shown that for a Poisson groupoid (G^P,tt g ), there is a one to one corre- 
spondence between 7TG-homogeneous Poisson structures on smooth homogeneous spaces G/H and regular 
closed Dirac structures L of the Courant algebroid AG(&A*G, such that H is the t-connected subgroupoid 
of G corresponding to the subalgebroid L n {AG x 0a*g)- Since pullbacks to G of Poisson structures 
on G/H correspond to closed Dirac structures on G with characteristic distribution Jf, we recover this 
result as a special case of Theorem 14.171 using Remark 14.181 and the isomorphism in Example 13.361 

Note that in this particular situation of a Poisson groupoid, Theorem l4. 171 classifies not only the Poisson 
homogeneous spaces of (G^P,ir G ), but all its (not necessarily closed) Dirac homogeneous spaces. 

Example 4.20 Let (G^P, tt g ) be a Poisson groupoid and H a wide subgroupoid of G. Assume that the 
Poisson structure descends to the quotient G/H, i.e., that tt g is invariant under the action of the bisections 
of H. Let 7r be the induced structure on G/H. We show that (G, q*D n ) is a Dirac homogeneous space of 
(G^P,ir G ). This is equivalent to the fact that (G/H, ir) is a Poisson homogeneous space of (G^P,ir G ). 

The Dirac structure q*D w is equal to (Oi © t *g) © Graph (n G g : "K° -> Tg). Since "K C T l G, 

the inclusion Tt(q*D 7T ) C ^(D^) is obvious. Choose (v g ,a g ) G (q*D n ) (g) and ah G Tj*G such that 

Ts (^K G (a.h), ah^j = Tt(v g ,a g ). Then we have (v g ,a g ) = (^u g + Tt G {a g ),a g ^j with some u g G ^C(g) and the 

product (jr G (ah), ai^j * (v g ,a g ) is equal to 

(ir G (a h ), a h ) * (u g + ■K G (a g ),a g ) = (n G (a h ) * n G (a g ) + h * u g , a g * a h 

n G (a g -k a h ) + T g L h u g ,a g * a h 

since ir G is multiplicative. The vector T g LhU g is an element of "K by definition and consequently, 
(ir G (ah), ah) * (u g + 7r G (a g ),a g ) is an element of q*(D n ), which is shown to be 7TG-homogeneous. It 
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corresponds to the Lagrangian subalgebroid (AH x T *p)ffi Graph (vrf. | : AH° Pp) +I S (^ G ) of 
25(0^), or more simply, to the Lagrangian subalgebroid AH (BAH° in the Courant algebroid AG®A*G. 

Thus, Theorem 14. 1 71 together with the isomorphism in Example 13.361 shows that the multiplicative Pois- 
son structure on G descends to G/H if and only if the Lagrangian subspace AH © AH is a subalgebroid 
of the Courant algebroid AG © A*G. 

The Poisson homogeneous space that corresponds in this way to the Lagrangian subalgebroid AG (BO a* G 
is the Poisson manifold (P,np), where irp is the Poisson structure induced on P by 7Tg, see [3U] and also 
Theorem 13.171 Note that the other trivial Dirac structure Oag (B A*G corresponds to (G,ttq) seen as a 
Poisson homogeneous space of (G^P,itg) (see Example I2.4|) . 

In the same manner, we can show that if a Dirac groupoid (G=tP, Dq) is invariant under the action 
of a wide subgroupoid H, and the Dirac structure descends to the quotient G/H, then (G/H,q(Dc)) is 
(G=$P, D(3)-homogeneous. For that, we use the formula q*(q(Dc)) = K-h + Dg H Xjj. In particular, the 
Dirac structure on P obtained under some regularity conditions in Theorem 13.171 is Dc-homogeneous. 
As in the Poisson case, we find hence that the Dirac structure descends to G/H if and only if 



AH ©0 T * P ffi2l(D G )n (TP ffiAtf°) C5S(D G ) 
is invariant under the induced action of 15(H). 

Example 4.21 Let (M, Dm) be a smooth Dirac manifold and (M x M z^M, Dm Dm) the pair Dirac 
groupoid associated to it. 

The wide Lie subgroupoids of M x M =J M are the equivalence relations R C M x M, and the 
corresponding homogeneous spaces are the products M x M/R. For instance, if $ : G X M — > M is an 
action of a Lie group G (with Lie algebra q) on M, the subset Pg = {(^> 3>g( m )) I m £ M,g E G} is a 
wide subgroupoid of M x M, and (M x M)/Rq is easily seen to equal M x M/G. Hence, if the action 
is free and proper, the homogeneous space (M x M)/Rq has a smooth manifold structure such that the 
projection q : M x M — >■ M x M/G is a smooth surjective submersion. 

In this case, the bisections of Pg are the diffeomorphisms of M that leave the orbits of G invariant. 
For instance, for every g E G, the map K g : Am ~ M — > M x M, m — > (m, $ g (m)) is a bisection of P^. 

Choose (m,m) € A a/. A vector (v m ,w m ) E T( m?n )(M x M) is an element of T^sRq if and only if 
% = m and (0 m ,u> m ) E Tr mm \RQ, that is if and only if v m = m and w m E T m (G ■ m). Thus, if V is 
the vertical space of the action, we find that ARq = ({0} © V)|a m - 

By Theorem l4.14l Dm Djv/-homogeneous Dirac structures on M x M/G are in one-one correspondence 
with Lagrangian subspaces D of Pg\p such that I s (Dm Dm) + (ARq x {0}) C 2) and such that 
S)/P(Djvr ©Djy-) is invariant under the induced action of 'B(Rg) on QS(Dm©Dm)- But since p/ mm ^(DM© 
D M ) + A^ m )R G = {(v m ,^M(in),a m ,0 m ) \ (v m ,a m ) E D M (m), £ E q}, we find, using the isomorphism 
in Example 13.381 and the considerations in Example 13.451 that (Dm © Dm) • 35 is a product of Dirac 
structures D M © D such that V © t *g Q D and **a) E T(D) for all g E G and (X,a) E T(D). 

But Dirac structures D satisfying these conditions are exactly the pullbacks to M of Dirac structures 
on M/G and we find that the Dm DM-homogeneous Dirac structures on M x M/G are of the form 
Dm © D := Dm © Qg(D), where qa : M — > M/G is the canonical projection. 

With Example 13.381 and Theorem 14.161 we § e t hence that D is closed if and only if D is closed. 

Example 4.22 The left invariant Dirac structures on a Lie group G are the homogeneous structures 
relative to the trivial Poisson bracket on G (|10j). Hence, if we consider this example in the groupoid 
situation, we should recover the "right" definition for left invariant Dirac structures on a Lie groupoid. 
We say that a Dirac structure D on a Lie groupoid G^P is left-invariant if the action T<3? of TGffi T*G 
on Tt : TG © T*G — >■ TP © A*G restricts to an action of T g © T*G on D, i.e., 

(Otg © T*G) • D = D. 
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In |18j . a Dirac structure on a Lie groupoid G^P is said to be left-invariant if it is the pullback under 
the map 

$ : T*G © T*G -> AG © A*G 

(v g ,atg) ^ (T g L g -iv g ,s(a g )) ^ A s ( g )G x A^ g) G 

of a Dirac structure in AG © ^4*G. These two definitions are easily seen to be equivalent, the inclusion 
Otg © (T^G) C D is immediate and it is easy to check that D is invariant under the lifted right actions of 
the bisections if and only if the corresponding Dirac structure in *B(T*G) is invariant under the induced 
action of 'B(G') on 5S(T*G) (compare with Proposition 6.2 in [18]). 

The result in Theorem 14.161 implies that a left-invariant Dirac structure D is closed if and only if the 
corresponding Dirac structure <3?(D|p) C AG © A*G is a subalgebroid. 
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